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ABSTRACT
An inherent problem with all membrane separation processes is solute polariza-
tion upon the membrane surface. The net buildup of solute molecules in the region
of the membrane severely limits permeate flux by thermodynamically decreasing the
effective pressure gradient and by forming a gelatinous matrix structure upon the
membrane surface when solute concentrations become large enough. This gel layer
represents an additional hydraulic resistance to permeate flow and is characteristic
of an operating region where flux is pressure independent.
Although more rigorous predictive models exist, the mainstay of the prediction
of mass transfer in ultrafiltration continues to center around film theory. With
the ultrafiltration of macromolecular solutions in cross flow systems, the predic-
tion of flux rates employing film theory appears questionable. Additionally, when
film theory is used in the prediction of colloidal ultrafiltration rates, the
experimental flux is often found to be one to two orders of magnitude greater than
theoretical prediction. Thus, there is a need to improve our understanding of mass
transfer mechanisms in ultrafiltration.
The objectives of this study are:
(1) To determine the validity of the film theory model by comparison with a
more exact theory and with experimental data.
(2) To develop a theory which would explain the vast differences between the
two apparently similar processes of macromolecular and colloidal
ultrafiltration.
(3) To contribute to the basic understanding of the low polarization (pregel)
and gel-polarized regions in macromolecular ultrafiltration. The deter-
mination of when an ultrafiltration process is osmotic pressure limited
and when it is gel limited would be useful.
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An integral method solution to the convective diffusion equation was developed
for both the unstirred batch cell and cross-flow, parallel-plate (rectangular cross
section) geometries. Comparison of predicted values of permeate flux from the
closed-form integral method solution was made with the numerical solution to the
simplified convective diffusion equation. Agreement was excellent with a difference
in predicted flux less than 1%, whereas the widely used film theory deviates con-
siderably from the exact numerical solution.
A well-defined, unstirred batch cell system was used with aqueous bovine serum
albumin (BSA) solutions to test the integral method model along with the film theory
analogy for the batch cell. Results indicate that the integral method model repre-
sents a superior approach to the prediction of permeate flux over that of the film
theory model. It is also shown that the assumption of concentration-independent
diffusivity is reasonable in such systems. Gel-polarized behavior in the ultra-
filtration of BSA was shown to occur only above system pressures of 6.89 x 105 N/m 2
(100 psi).
A unifying model for the batch cell was developed that yielded, in limiting
cases, accurate mathematical models for both macromolecular and colloidal ultra-
filtration. It was shown that in colloidal ultrafiltration, solvent permeation is
dependent upon classical filtration principles where appreciable solute accumulation
occurs at the membrane surface and solute back diffusion is negligible. In macromo-
lecular ultrafiltration, the direct opposite is true, and the process is diffusion
limited. The model was confirmed experimentally with the ultrafiltration of polymer
latex in the unstirred batch cell. The concept was extended to the more practical
parallel-plate system, where it was further reinforced that permeate flux indeed
follows classical filtration principles for colloidal ultrafiltration.
-4-
Through the interpretation of batch cell data for aqueous macromolecular solu-
tions of polyvinyl alcohol, Carbowax 20M (polyethylene oxide), and carboxymethyl-
cellulose, it was shown that the ultrafiltration model which was developed primarily
for the gel-polarized region may have definite application to the pregel region as
well. Specifically, the assumption of constant wall concentration (an osmotic
equivalent) may be reasonable with certain limitations in the pregel region. This
broadening of the applicability of the macromolecular ultrafiltration model increases
its value greatly as a predictive tool and has contributed additional understanding
as to when an ultrafiltration process is gel or osmotic pressure limited. Existing
literature data were interpreted in terms of this model, and agreement of theoreti-
cally predicted flux to experimental flux was very good for the parallel plate
geometry.
Solute-solute and solute-membrane interactions were not considered. It is
believed that although phenomena such as solute adsorption upon the membrane surface
and solute dimerization may exist, their effect upon the system is secondary. It is
suggested that future work along this line be considered to confirm the assumption.
The format of this thesis is organized into seven sections. Section 1 presents
a general literature review and an overall definition of the problem. Sections 2
through 5 are four manuscripts detailing the solution to the problem. Section 6
includes a general summary and discussion of results as well as suggestions for future
work. Section 7 contains supplementary information in the form of appendixes.
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SECTION 1 - GENERAL LITERATURE REVIEW
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GENERAL INTRODUCTION
APPLICATIONS OF MEMBRANE SEPARATION PROCESSES
The recognition of the semipermeable nature of certain membranes, both natural
and synthetic, has given rise to the utilization of a new separation technique for
the chemical process industry. Although the existence of semipermeable membranes
can be traced back to their use by Abbe Nollet in 1748 [Dejmek (1975)], large scale
industrial use of reverse osmosis membranes was initiated around 1960 with the first
high flux membranes developed by Loeb and Sourirajan (1960). The major advantage of
reverse osmosis and its closely related sister process of ultrafiltration is that
they allow the separation of solutions on a molecular level. An additional attrac-
tive feature is that membrane processes facilitate the concentration, purification,
or separation of molecular species without relying upon a phase change of the
solvent. This aspect represents sizable energy savings and is particularly useful
for the treatment of process streams where the product may be temperature sensitive.
Membrane separation techniques also offer the unique ability to fractionate process
streams on the basis of molecular size to a very high degree of discrimination
[Baker (1969)].
The process of reverse osmosis has been studied extensively over the past 20
years and is reasonably well understood. Reverse osmosis is used primarily in the
separation of low molecular weight solutions such as sea and brackish water desalina-
tion. Ultrafiltration, which differs from reverse osmosis in that solvent permeates
through the membrane structure by virtue of pore flow rather than diffusion, lends
itself to the separation of chemical species of molecular weight greater than 5000.
This is due primarily to the relatively open structure of the porous membrane, and
separation is achieved upon the principle of steric exclusion. Separation in
reverse osmosis is achieved due to large differences in diffusion rates between
-7-
solvent and solute through the membrane. The major difference between ultrafiltra-
tion and conventional filtration is the size of the solute or suspended solid
material being filtered. The processes of reverse osmosis and ultrafiltration are
compared with respect to separation mechanism and solute size range in Fig. 1.
SEPARATION
MECHANISM SOLUTE SIZE RANGE
Figure 1. Membrane Separation Processes (Dorr-Oliver, Stamford, Conn.,
Copyright 1969).
As a molecular solution is pressurized over a selective membrane, solvent per-
meates through while rejected solute accumulates in the vicinity of the membrane.
The net result is a layer of solution adjacent to the membrane surface of substan-
tially greater solute concentration than that of the bulk solution within the cell.
The phenomenon is termed "concentration polarization." Concentration polarization
always operates to reduce the efficiency of the ultrafiltration process. It does so
by thermodynamically decreasing the effective pressure gradient, and when solute
concentrations become large enough, by forming a gelatinous matrix structure upon the
membrane surface. This gel layer formation corresponds to the attainment of the
solubility limit of the solution. The gel layer is effectively an additional
hydraulic resistance to solvent flow and represents a region where permeate flux is
pressure independent.
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The realm of membrane separation techniques that are currently applied to indus-
trial processes is indeed large. With increasing knowledge of transport phenomena
in such systems, new and viable applications are found every day. Originally,
membranes were cast from cellulose acetate solutions [Sourirajan (1970), Kesting
(1977), Merten (1966)]. Cellulose acetate membranes, however, are of limited use
due to the chemical properties of the cellulose itself. Cellulose acetate membranes
can only be used with aqueous solutions since organic solvents either dissolve or
plasticize the membrane to the point of collapse. When cellulose acetate membranes
are allowed to dry out, they consolidate and lose their permeability. Operating
temperatures above 60°C also facilitate membrane collapse. Because of the chemical
nature of cellulose, it is sensitive to hydrolysis at low and high pH and subject to
bacterial attack [Michaels (1968)]. Recently, techniques have been developed for
manufacturing asymmetric membranes from a variety of synthetic polymers. Materials
such as polyamide [Blais (1977)], sulfonated polyphenylene oxide (SPPO) [La Conti
(1977)], polybenzimidazole (PBI) [Model, et al. (1977)], and polysulfone-polyethyl-
enimine laminates [Rozelle, et al. (1977)]. Yasuda (1977) has recently performed
numerous experiments with composite membranes formed by plasma polymerization. The
scope of possible combinations of membrane materials seems only to be limited by the
imagination of creative organic chemists. These new synthetic polymer membranes
exhibit thermal, chemical, and physical properties far superior to their cellulose
acetate predecessors. This added versatility makes the use of membrane separations
attractive to many chemical process applications. Not only has the basic composition
of membranes evolved over the past few years but also the basic geometry of the
systems. Initially, reverse osmosis and ultrafiltration systems were of the tubular
or plate-and-frame type design. Currently, hollow fiber and spiral wound configura-
tions are quite common [Orofino (1977), Caraccilo, et al. (1977), Kremen (1977)].
These systems offer the advantage of enclosing large membrane surface areas in a
relatively small volume.
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Early development of commercial reverse osmosis systems was sparked by an
interest of the United States Office of Saline Water (OSW). With the motive of
developing an efficient and economic method of seawater and brackish water
desalination, the OSW subsidized numerous research efforts during the 1960's and
early 1970's. During the same period in Europe, the main objective of reverse
osmosis research was to accommodate the sugar industry in finding new methods of
juice purification, concentration, and molasses exhaustion [Madsen (1977)].
Additional uses of reverse osmosis in industrial applications are: radioactive
laundry water concentration, steam generator blowdown water, separation of oil-water
emulsions, acid mine drainage, electroplating waste treatment, hospital waste, muni-
cipal waste, ion exchange regenerant, lactose concentration, and fruit juice and
food concentration [Stana (1977), Colomb (1977), Besik (1977), and Von Bockelmann,
et al. (1977)]. Bansal and Wiley (1977) and Wiley (1972) studied the use of reverse
osmosis technology in the pulp and paper industry for the treatment of pulping and
various other waste streams.
In general, ultrafiltration applications have been accepted more quickly into
industry than have reverse osmosis uses. This is due to the fact that while reverse
osmosis has strong competition from evaporation techniques, ultrafiltration often
enables the separation of new products from liquid wastes. As a rule, however,
ultrafiltration cannot be shown to be economical unless some end use can be derived
from both the concentrate and permeate solutions. Currently, ultrafiltration is
being successfully used in the dairy industry [Madsen (1977), Delaney & Donnelly
(1977), and Lee & Merson (1976)]; electrocoat paint industry [Stana (1977)]; phar-
maceutical industry [Walker (1979), Wang, et al. (1968)]; and textile industry
[Walker (1979), Hoffman (1979)]. Most recently, the pulp and paper industry has
explored the feasibility of using ultrafiltration as a viable method to separate and
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fractionate lignosulfonic acids from sulfite pulping liquors. These acids are used
for concrete additives, drilling mud dispersants, binders in pelletization processes,
dye-stuff dispersants, leather tanning, particle board binders, and the manufacture
of vanillin [Lonsky (1980)]. Ultrafiltration represents an excellent replacement
for gel separation techniques and is currently being used by Scott Paper Company,
Georgia-Pacific Corporation, and Reed Lignin Products for lignosulfonic acid recov-
ery [Walker (1979)]. It is rapidly becoming realized that as unusual separation
problems arise, ultrafiltration represents both an economic and efficient alter-
native to conventional processes.
TRANSMEMBRANE MASS TRANSPORT
The processes of reverse osmosis and ultrafiltration may both be divided into
two distinct regions of mass transfer interest. These two regions may be best
explained in terms of the unstirred batch cell shown in Fig. 2.
Figure 2. Membrane separations in an unstirred batch cell.
The first region is concerned with the mass transfer aspects of the liquid
phase (y > 0), in particular, the convection of solute to the y = 0 plane and the
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corresponding back diffusion of solute from the polarized layer toward the y = 6
plane. Considerable theoretical work has been done concerning this region and shall
be discussed in the following section.
The second region of interest involves the mechanism of solute and solvent
passage through the membrane itself (y < O). This second region has been the sub-
ject of numerous reviews, some of which are Johnson, et al. (1966), Merten (1966),
Sourirajan (1977), and Kesting (1977). The study of this area, which is basically
physicochemical in nature, is complicated, and agreement of theory is seldom found
among researchers. The format of this section will be to present a very simplified
analysis of some of the various proposed mechanisms. Clearly, any complete analysis
of membrane separations should involve the combined modeling of both regions, coupled
through the physical requirement of species continuity, into a composite transport
theory. There currently does not exist a suitable model to explain transmembrane
flux phenomena completely for reverse osmosis membranes.
One of the first theories dealing with mass transport through reverse osmosis
membranes was formulated by Reid and Breton (1959). To explain this phenomenon,
they postulated two different mechanisms for the transport of water and ions through
cellulose acetate membranes. Those ions and molecules which are not able to hydro-
gen bond with the membrane are transferred by hole-type diffusion. This hole-type
diffusion is inversely related to the amount of bound water within the membrane.
These ions and molecules that are able to associate with the membrane (e.g., H2 0)
are transported through by alignment-type of diffusion. The alignment-type mechanism
is essentially the formation and dissolution of hydrogen bonds between the H2 0 mole-
cules and the cellulose acetate molecules. Obviously, the rate of water diffusion
through the membrane will be dependent upon the rate of this occurrence. The mem-
brane is treated as essentially nonporous. This permeation mechanism is similar to
that proposed by Ticknor (1958).
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Sourirajah (1963, 1977), and Sourirajan and Matsuura (1977, 1977*) have proposed
a transport theory where the membrane was treated as being heterogeneous, that is, a
solid fraction with a dispersed, vertical pore structure. Sourirajan postulated the
system shown in Fig. 3 where water is preferentially sorbed by the membrane material
and essentially forms a pure water layer of thickness t over the membrane. Perme-
ation occurs from the continuous pore flow of this pure solvent layer through open
capillaries in the membrane. The postulated mechanism of separating fresh water
from aqueous salt solutions involves a system of four parameters: (1) the nature of
the solution, (2) the nature of the film surface in contact with the solution, (3)
the critical diameter of the pores in the film, and (4) the optimum pressure neces-
sary to effect the continuous flow of the interfacial liquid through the pores at
the optimum rate without incurring unacceptable salt transport. The first two param-
eters determine the thickness of the pure solvent interface upon which the third
parameter depends. The fourth parameter depends on the size, number, and distribu-
tion of the pores on the surface as well as the physical internal structure of the
pores. This model, however, has various shortcomings, one of which is that it has
been shown that salt permeability is independent of salt concentration [Lonsdale, et
al. (1965)]. Sourirajan's model predicts a concentration dependent salt permeability.
Figure 3. Sourirajan (1963) model for transport through reverse osmosis
membranes.
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Lonsdale, et al. (1964) calculated the diffusion coefficient for water through a
cellulose acetate membrane and found that the value was only slightly smaller than
the self-diffusion coefficient of water and other liquids. Based upon this finding,
they concluded that the diffusion of water through a cellulose acetate membrane was
more closely approximated as liquid-in-liquid diffusion rather than liquid diffusion
through a solid as proposed by Reid and Breton. About the same time, Sharples (1963)
postulated, based upon his experiments, that the salt flux through the membrane was
due entirely to pore flow. Michaels et al. (1965) analyzed the results of the
Lonsdale simplification of the actual phenomena of transport. They postulated the
following approximate mechanisms to explain solute flow through reverse osmosis
membranes:
(1) Water transport occurs predominantly by molecular diffusion through the
polymer matrix.
(2) Ion transport appears to take place by three parallel flow mechanisms:
(a) by sorption and diffusion of ions within the polymer matrix, governed
solely by the ion-concentration gradient across the membrane
(b) by pressure-biased activated diffusion of ions in near-molecular-
sized pores in the membrane, governed by both the hydraulic gradient
and the ion concentration difference
(c) by hydrodynamic flow of saline solution through larger pores
(3) The high desalination efficiency of cellulose acetate reverse osmosis
membranes is due largely to the high concentration and high diffusivity of
water in the polymer and the low concentration and low diffusivity of
ionic solutes.
Various simplifications to the Michaels', et al. model have been made by
Sherwood, et al. (1967) and Kimura and Sourirajan (1967), as reviewed by Gill, et al.
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(1971). Experimental confirmation agrees reasonably well with theory. Based upon
their results, it is generally assumed by most current researchers in the field that
water transport through a reverse osmosis membrane is primarily due to diffusion,
whereas solute flux occurs by some type of convective pore flow.
Some very recent work by Bhattacharyya and his coworkers at the University of
Kentucky [Grieves, et al. (1973), Bhattacharyya, et al. (1974), (1979)], has shown
that it is possible to obtain excellent separations of ionic solutes of very low
molecular weight with charged ultrafiltration membranes of a large pore diameter.
This finding gives credibility to the original hypothesis of Sourirajan (1963)
involving the interfacial fluid theory. It is suspected that the controversy as to
the actual transport mechanism will continue for some time in the future.
Concerning the mechanism of transport through ultrafiltration membranes, which
are substantially more porous than reverse osmosis membranes, there is little contro-
versy among researchers that the principal mode is pore flow. Solute rejection is
due to the prohibition of the solute molecules from entering the pore due to their
relative size (screening mechanism). Solvent and solute molecules which are able to
enter the pore pass through in essentially Poiseuille-type flow. It is therefore
possible to describe the flow mechanism by the following phenomenological equation:
where
I v I = permeate volumetric flux (cm3 /cm2 -sec)
AP = applied pressure gradient (N/m2 )
An = 7Tw - ITp = solution osmotic pressure at the membrane surface concentration
- solution osmotic pressure at the permeate concentration (N/m2 )
Rm, Rg = hydraulic resistance of membrane, gel layer respectively (1/cm)
. (N-sec)
p- = solvent viscosity (m2)
(m2)
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It is reasonable to assume that phenomena such as solute adsorption upon the
membrane surface, solute dimerization, and electrokinetic effects between the mem-
brane and solute may influence the transport of solvent. To my knowledge, there has
not been any quantitative study performed in order to ascertain the order of magni-
tude of these effects. However, preliminary studies are planned by A. S. Michaels
at Stanford University [Michaels (1979)]. For lack of a more accurate theory incor-
porating these additional phenomena, it is assumed in this thesis that Eq. (1) is
valid in describing transport of solvent through an ultrafiltration membrane.
SOLUTION SIDE MASS TRANSPORT
The study of solution side mass transfer in membrane separations has been
significantly more popular than transmembrane mass transfer. Essentially, decoupled
from membrane electrokinetic effects, the problem reduces to that of solving the
general convective diffusion equation for the appropriate boundary and initial con-
ditions. The majority of membrane mass transfer research has been performed over
the past 20 years, with the bulk of brine-side reverse osmosis study done between
the years 1960-1970 under the support of the OSW. The amount of research which has
been done since 1970 concerning reverse osmosis has been relatively small. Since
the primary interest of this thesis is the study of mass transfer mechanisms in
ultrafiltration, an in-depth literature review of reverse osmosis work will not be
given. An excellent review of mass transfer theory prior to 1970 in reverse osmosis
is given by Gill, et al. (1971) for both laminar and turbulent flow regimes.
In contrast to reverse osmosis research, the subject of ultrafiltration began
to become active in the literature around 1968 and has continued to remain so. The
format of this section will be to review some of the more pertinent research efforts
regarding ultrafiltration and analyze the current state of the art.
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From the general definition of concentration polarization given previously, it
can be seen that, theoretically, concentration polarization in reverse osmosis pro-
cesses should not differ from the same phenomenon in ultrafiltration. However, when
one considers the ultrafiltration of macromolecular solutions, the added complica-
tions of concentration-dependent viscosity and diffusivity may become important.
Many of the constant property simplifications used in the fundamental theories of
concentration polarization in reverse osmosis may not be applicable to macromolecu-
lar ultrafiltration. One important practical difference between the two processes
is the occurrence of the pressure-independent flux region found in macromolecular
ultrafiltration,
Two of the earliest attempts to explain the pressure independent flux behavior
in the ultrafiltration of macromolecular solutions were performed by Bixler, et al.
(1968) and Michaels (1968). Their initial research was further developed and expanded
upon in the subsequent work of Blatt, et al. (1970) and Porter (1972). The collec-
tive efforts of these four groups is generally referred to as the "Amicon School."
The major concept of their theory is that of the formation of a solute gel layer
upon the membrane surface. Predicated upon the assumption of negligible solute
osmotic pressure, if the total convective flux of solute toward the membrane exceeds
the back diffusional and convective flux away from the membrane, the solute concen-
tration at the membrane surface will increase. Eventually the solubility limit or
gel concentration will be reached where further increase of solute concentration at
the membrane surface is not possible. Instead, the thickness of the concentrated
gel layer will increase. This layer offers an additional hydraulic resistance to
solvent flow which is additive to the existing membrane resistance. A subsequent
increase in applied pressure does not appreciably increase solvent flux since
momentary increases in flux only serve to add to the thickness of the gel layer.
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Therefore, the process is self-limiting, and where gel polarization is reached,
diffusive back-transport of solute cannot be further increased.
Before discussing the development of the film theory model, it would be advan-
tageous to simplify the general convective diffusion equation in a manner consistent
with the basic assumptions made in this thesis. This procedure will clarify the
starting equations used in each of the manuscripts presented.
Consider the equation of continuity and general convective diffusion equation
for a binary mixture
where v = velocity vector = ui + vj + wk
When constant values of p and D are assumed, Eq. (3) may be simplified to:
for the steady state case. Writing Eq. (4) in scalar form for the parallel-plate
geometry,
noting that a concentration gradient does not exist in the z-direction. It may be
additionally shown from an order of magnitude analysis that since
6 << h, the channel half height, (6)
therefore,
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Finally, Eq. (5) may be written as
where the boundary conditions of
convective flux Diffusive flux onvective flux
toward membrane from membrane from membrane |
apply.
Equation (8) represents the general convective diffusion equation as applied to
ultrafiltration in a parallel plate system where the assumptions of constant solu-
tion density and diffusion coefficient are made.
Essentially, the "Amicon School" applied film theory principles to the process
of ultrafiltration. That is, with the assumptions of concentration-independent
diffusion coefficient and negligible effects of density variations, they employed
the unrealistic concept of assuming a thin interfacial fluid layer in which no axial
convection exists and across which all transport occurs. As applied to ultrafiltra-
tion, film theory postulates the presence of a stagnant film of solution bounded by
the membrane on one side, a region of uniform concentration at the opposite side,
and in which transverse convection exists. The transport process between the film's
boundaries is assumed to be only in the y-direction but the film thickness, 6, is
permitted to vary with axial position, x, in such a manner as to account approxi-
mately for the actual axial convection [Derzansky (1973)]. The advantage of this
approach is that the explicit axial velocity dependence (u -) which appears in the
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convective diffusion equation may be accounted for implicitly through the definition
of the mass transfer coefficient. A diagram of the film theory approach is shown in
Fig. 4 for a cross flow type system. The use of the film theory approach should only
be considered as an approximate method.
Transverse
Velocity Well mixed bulk solution
-V Velocity
Figure 4. Film theory model [Blatt, et al. (1970)].
The derivation of the film theory model is as follows for the general case:
consistent with the film theory model, axial convection is neglected within the film
and Eq. (8) becomes
Upon integration with respect to y, assuming v = - VW = vw, and substitution of
appropriate boundary conditions [Eq. (9)]
Evaluating Eq. (11) at y = 0 yields
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To establish a relationship for the quantity D/6, let us recall the definition
of the mass transfer coefficient k:
It is generally assumed in the film theory analysis that since the mass bound-
ary layer 6 is very small, the term D - may be approximated by the
relationship D - and
where vwl and k represent the local permeate volumetric flux and local mass transfer
coefficient, respectively. Equation (15) is the general film theory solution which
applies to all ultrafiltration systems where 6 is much smaller than the hydraulic
diameter [i.e., if S/dh is very small, the effect of system curvature may be neglected
and nonrectangular systems reduce to Eq. (15)]. The value of k is characteristically
found by assuming that the interaction of axial convection with transverse diffusion
in ultrafiltration systems is not substantially affected by the presence of a small
transverse velocity. Equation (8) is therefore solved for the appropriate boundary
conditions neglecting the transverse convection term. For example, consider the
parallel plate system (rectangular flow channel) in fully developed laminar flow.
The method of solution is analogous to the Leveque solution [Bird, et al. (1960)] in
heat transfer where constant shear stress in the thin boundary layer and constant
fluid properties are assumed.
-21-
Considering the axial convective term in Eq. (9) only and assuming the constant
wall concentration boundary condition (at y=0, c=cw), we may write,
and let, u - h y = a y = linearized Poiseuille velocity profile
ac
Introducing the similarity transformation, n, where
= , (x) = an arbitrary thickness which is a function of x, axial distance
Transforming.Eq. (17), c (x,y) => c (n), yields
(18)
In order for c = c (n) only, a 2 a- = constant
let





and Eq. (18) reduces to





It may be immediately recognized that the group of parameters, , represents the
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When the average mass transfer coefficient over the length of the flow channel is
considered, it can be written
where
The value of k represented by Eq. (28) may be generalized for various other flow
geometries, depending upon the shear rate at the membrane surface.
The value of B is determined by the wall boundary condition used in the solution
of Eq. (16). Typical values of B and $w for various flow geometries are given in
Table I.
Prediction of permeate flux in the turbulent flow regime may be accomplished
with the use of various semiempirical relationships found in the literature. In the
region of fully developed turbulent flow, the Chilton and Colburn (1934) rela-
tionship can be used:
where dh = 4h
Other relationships include the Calderbank and Young (1961) equation of
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(32)
For the case of developing velocity and concentration profiles, the Grober, et al.





































aCWC - Constant wall concentration.
CWF - Constant wall flux.
Colton (1969) has studied mass transfer in a stirred batch cell and proposed the
following correlations
(34)
for laminar flow over the membrane surface
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and,
for turbulent flow over the membrane surface
where
r = cell radius, cm
w = stirrer speed, radians/sec
u = kinematic viscosity, cm2/sec
D = solute diffusivity, cm2/sec
Although the early work of the "Amicon School" did confirm the existence of gel-
polarized behavior in macromolecular ultrafiltration, their interpretation of data
in terms of the film theory model was not good. Typical gel-polarized behavior is
shown in Fig. 5. Percent difference in predicted flux to experimental flux averaged
around 25%. Their work was also plagued by such anomalous behavior as changing
values of calculated gel concentration as a function of channel height. In general,
the agreement of film theory prediction of flux to experimental value was much
better for turbulent rather than laminar flow systems.
The "Amicon School" was the first to point out that in the ultrafiltration of
colloidal suspensions, experimental flux rates were found to be 1 to 2 orders of
magnitude greater than theoretical prediction based upon film theory. Unable to
explain this phenomenon, they postulated the following: (1) either the back dif-
fusion of colloidal particles from the polarized layer is substantially augmented
beyond that expected to occur by classical Fickian diffusion mechanisms, or (2) the




Figure 5. Macromolecular ultrafiltration - gel-polarized behavior.
Goldsmith (1971) and deFilippi and Goldsmith (1970) generally subscribed to the
gel polarization model as presented by Michaels (1968). However, they noted that
many macromolecular solutions have significant osmotic pressures and that when
these solutions were ultrafiltered at moderate pressures, it was unlikely that gel
polarization was reached. Consequently, they tried to interpret the pregel or low
polarization region in terms of film theory. The ultrafiltration of Dextran and
Carbowax (polyethylene oxide) solutions was studied in the three system geometries
of stirred batch cell, parallel-plate, and tubular. Both laminar and turbulent flow
regimes were studied in each geometry. Data were analyzed by the method of first
determining the average value of cw for the system in question. This was accom-




A = membrane permeability =
~Rm
AP = applied pressure
By knowing the value of Ar and Cp, it is possible to calculate cw from a known rela-
tionship of the form
for the solute-solvent system. Thus, with the value of vw , cp, cb, and cw known,
the value of the mass transfer coefficient, k, was calculated from
The experimentally determined values of k were compared to the empirical relation-
ships mentioned previously [Chilton-Colburn (1934), Harriott and Hamilton (1965)].
The work of Goldsmith (1971), in particular, contains inconsistencies. Employ-
ing the nonconventional technique of varying Reynolds number by changing bulk
solution viscosity, turbulent and laminar flow are studied in thin channel ultrafil-
tration. It is not clear why Goldsmith states that by maintaining the axial volu-
metric flow rate constant in turbulent flow, the mass transfer coefficient remains
unchanged even though the calculated Reynolds number varies over 7-fold based upon
bulk solution viscosity change. It is appreciated that variation in the Schmidt
(Sc) number tends to offset the variation in the Reynolds (Re) number in the calcu-
lation of k, but the effect is not totally cancelling and a viscosity dependence of
uO.5 6 7 based upon the Harriott and Hamilton (1965) relationship prevails. The con-
tention is dubiously substantiated by the presentation of turbulent flow data in
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which the experimental value of k is constant over a Reynolds number change of 7000
to 50,000. The same procedure of Reynolds number variation is used in laminar flow
studies where change in mass transfer coefficient is permissible according to
Goldsmith. Agreement of the functional dependence of k upon Re as predicted by the
Grober, et al. (1961) relationship is not good, contrary to what is suggested by
Goldsmith. This inadequacy is primarily due to the fact that Sc number variation is
not taken into account. Goldsmith's model makes much capital in the ability to pre-
dict flux in the pregel region where gel formation has not been reached. All data
are interpreted in light of this premise, yet Goldsmith has failed to explain why in
a plot of flux versus In (cb - cp) for two different pressures, both lines extrap-
olate to the same value of In (cw - cp), indicating pressure independence. The
interpretation of his data is not obvious, and an explanation of the discrepancies
may in part be found in the method of acquisition.
Kozinski (1971) and Kozinski and Lightfoot (1972) modeled ultrafiltration of
protein solutions through a rotating disk. Taking into consideration concentration-
dependent diffusivity and solution viscosity, the convective diffusion equation,
which was coupled to the appropriate Navier-Stokes relationship, was solved by both
a method of asymptotic expansion and numerically. The asymptotic solution assumed a
linear concentration profile and a linear approximation of solution properties at
the membrane. Both asymptotic and numerical solutions described actual experimental
data very well. However, the numerical solution was very sensitive to variations in
viscosity and diffusivity at high solute concentrations.
Based upon their study of the rotating disk, Kozinski and Lightfoot extended
their model to the parallel plate geometry. Equations were solved by similarity
transformation using average values of solution properties evaluated between the
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bulk solution and wall solute concentrations. Agreement with literature data was
not good.
Strathmann (1973) studied the thin channel ultrafiltration of hemoglobin solu-
tions in turbulent flow. The value of the mass transfer coefficient was calculated
from the Chilton-Colburn (1934) relationship of
and corresponding values of cW were then calculated from the film theory relationship
The numerical value of the gel concentration was found to be 10 g/100 cc which is
definitely low in comparison to the results of others [Dejmek (1975)].
In analyzing Strathmann's data for the laminar flow system, it can be shown that
the dependence of flux upon the shear rate yw is closer to 0.50 than the film theory
prediction of 0.33 as given by Eq. (30).
When the mass transfer coefficient is calculated from Eq. (30), different hemoglobin
gel concentrations between 5.7 g/100 cc and 51.3 g/100 cc have to be assumed to fit
the data to Eq. (29) [Dejmek (1975)].
Grieves, et al. (1973) studied the ultrafiltration of a nonionic surfactant
(Triton X-100) and found that the use of Eq. (29) and (30) yielded flux predictions
70% below experimental values in laminar flow. Mitra and Lundbland (1978) studied
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the ultrafiltration of immune serum globulin (ISG) and human serum albumin (HSA) in
thin channel, laminar flow Analyzing data in terms of the modified film theory
model of
with multiple regression techniques, they found the best possible agreement had a
standard deviation in the value of the constant A of 23%.
The strongest evidence yet presented in support of the film theory model has
been published by R. F. Probstein and his students at the Massachusetts Institute of
Technology [Shen and Probstein (1977), Probstein, et al. (1978), (1979), Leung and
Probstein (1979), Shen and Probstein (1979)].
In Shen and Probstein (1977), the convective diffusion equation is solved by simi-
larity for the thin channel system taking into consideration concentration dependent
diffusivity. An approximate correction factor to account for variable diffusivity
is derived and semiempirically added to the constant property film theory model.
The correction simply amounts to evaluating the value of the diffusion coefficient
at the wall concentration rather than the bulk concentration. The thin channel
system is also evaluated for the case of variable diffusion and solution viscosity
where it is shown by means of a numerical solution that variable viscosity effects
are secondary. It is therefore assumed that the corrected film theory model repre-
sents a good approximation to a more rigorous solution. Shen and Probstein attempt
to interpret the thin channel data of Blatt, et al. (1970) but the experimental axial
velocity is misinterpreted and comparative results are not as good as depicted.
In Probstein, et al. (1978), the convective diffusion equation is solved by an
integral method for concentration-dependent diffusivity. By deleting higher order
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terms, the modified film theory model is obtained analytically. Experimental data
are interpreted in terms of film theory and agreement is good.
Leung and Probstein (1979) address the problem of flux prediction in the low
polarization or pregel region by solving the convective diffusion equation and Eq.
(36) simultaneously. An integral method solution using parabolic velocity and con-
centration profiles is utilized. As a numerical check, the integral method model
was simplified by assuming constant diffusion coefficient and linear osmotic pres-
sure-concentration dependency and compared to Brian's (1966) finite difference solu-
tion for reverse osmosis. Thin channel ultrafiltration data were interpreted using
the osmotic pressure data of Vilker (1975), and agreement was excellent.
Nakao, et al. (1979) studied the ultrafiltration of polyvinyl alcohol in a tubu-
lar system. They essentially found that the concentration of the gel layer was not
constant but rather a function of bulk concentration and feed velocity. More impor-
tantly, they did not observe the typical logarithmic behavior of permeate flux
versus bulk solution concentration plots which are predicted by film theory.
OBJECTIVES OF THESIS
As shown in the preceding literature review, the film theory model currently
represents the most widely used theory in the interpretation of ultrafiltration
data. Although the film theory model may give somewhat reasonable predictive
results in turbulent flow, its value in the laminar region is questionable and has
been characteristically overused. At first introduction to the problem, one is
often misled by the simplicity of the film theory model. It has been portrayed in
the literature that if macromolecular solutions are being ultrafiltered, gel-
polarized behavior may be immediately assumed. This is not the case. Although the
gel-polarized concept is generally accepted, there has not been any definite study
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showing exactly when a process is in the gel-polarized region or not. The proper
values of the solute diffusivity and gel concentration are also often shrouded in
controversy. Additionally, it still remains to be shown why experimental flux rates
in colloidal ultrafiltration are found to be 1 to 2 orders of magnitude greater than
macromolecular flux rates. This type of behavior is contrary to that predicted by
the film theory model.
In this study it was decided to work initially with the unstirred batch cell.
The justification is that by using such a simple system, many of the interfering
effects such as variable viscosity and various hydrodynamic mechanisms are absent.
The aspect of characterizing these additional effects has often been a major
obstacle to previous researchers working with more complicated systems. Once a fun-
damental knowledge of the batch cell system was acquired, the more complicated cross-
flow geometry was considered.
The primary objectives of this study were the following:
(1) To determine the applicability of the film theory model by comparison with a
more exact theory and with experimental data.
(2) To develop a theory which would explain the vast differences between the two
apparently similar processes of macromolecular and colloidal ultrafiltration.
(3) To contribute to the basic understanding of the low polarization (pregel)
and gel-polarized regions in macromolecular ultrafiltration.
This thesis is comprised of four major sections which are represented by
manuscripts written during the course of the research work. They appear in the
following order and are entitled:
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Manuscript No. 1 -
Manuscript No. 2 -
Manuscript No. 3 -
Manuscript No. 4 -
"Ultrafiltration in an Unstirred Batch Cell" - I&EC
Fundam. 19:189-94(1980).
"Ultrafiltration of Colloidal Suspensions and Macromolecular
Solutions in an Unstirred Batch Cell" - I&EC Fundam.
20:221-9(1981).
"Limiting Flux in Ultrafiltration of Macromolecular
Solutions." Chem. Eng. Commun. 4:508-22(1980).
"Pressure Independent Ultrafiltration - Is it Gel Limited or
Osmotic Pressure Limited?" - ACS Symposium Series, No. 154.
Synthetic Membranes: Vol. II Hyper- and Ultrafiltration
Uses (1981).
Manuscript No. 1 is concerned with the development of a more exact theory to
describe ultrafiltration in the unstirred batch cell. The exact solution is com-
pared with the film theory model, where it is shown that substantial differences
exist. Excellent agreement between the exact solution and experimental data is
observed, clearly indicating a superior approach.
Manuscript No. 2 addresses the problem of explaining the vast differences be-
tween colloidal and macromolecular ultrafiltration flux. It is found that in
colloidal ultrafiltration, solute diffusion is negligible, and flux may be described
in terms of classical filtration principles, where solute accumulation is important.
Directly opposite behavior is found in macromolecular ultrafiltration, where flux is
diffusion limited.
Manuscript No. 3 evaluates the applicability of the film theory model to cross-
flow ultrafiltration of macromolecules. It is found that the widely used film
theory deviates considerably from the exact model, just as in the unstirred batch
cell.
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Manuscript No. 4 deals with the interpretation of pregel experimental data in
terms of the exact model for both batch cell and cross-flow systems. An excellent
method of determining whether an ultrafiltration process is gel or osmotically
(pregel) limited is presented.
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NOMENCLATURE
A = membrane permeability constant =
3
a = linearized Poiseuille velocity constant
B = numerical boundary condition constant
c = solute concentration, (g/cm3)
D = solute diffusion coefficient, (cm2/sec)
4 (cross-sectional area)
dh = hydraulic diameter = (cross sectional area) a(cm)wetted perimeter
h = channel half height, (cm)
k = local mass transfer coefficient (cm/sec)
k = average mass transfer coefficient (cm/sec)
kl, k2 = osmotic pressure virial coefficients
L = length of flow conduit (cm)
R = hydraulic resistance (1/cm)
r = radius of tube (cm)
<u> dh
Re = Reynolds number =-
Sc = Schmidt number = u/D
k dh
Sh = average Sherwood number =
t = time (sec)
u = axial velocity (cm/sec)
<u> = average axial velocity (cm/sec)
v = transverse velocity (cm/sec)
IvwI = local permeate volumetric flux, (cm 3 /cm2 -sec)
Ivw I = average permeate volumetric flux, (cm
3 /cm2 -sec)
v = vector velocity = ui + vj + wk
w = velocity component in z direction (cm/sec)
x = axial distance coordinate, (cm)
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y = transverse distance coordinate, (cm)
z = distance coordinate in z direction, (cm)
GREEK SYMBOLS
V = gradient operator
V' = divergence operator
AP = total pressure gradient, (N/m2 )
Asr = osmotic backpressure at membrane surface = rw - 7p, (N/m2)
= mass boundary layer thickness, (cm)
= similarity transformation = y/ 1
= permeate viscosity, -msec
m2
U = kinematic viscosity, (cm2/sec)
p = solution density, (g/cm3)
Yw = hydrodynamic shear rate at membrane surface, (1/sec)
h = angular velocity, (rad/sec)
lT = solution osmotic pressure, (N/m2)
r = Gamma function
SUBSCRIPTS
g = of the gel
m = of the membrane
o = of the bulk solution
p = of the permeate
w = at the wall or membrane surface
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ULTRAFILTRATION IN AN UNSTIRRED BATCH CELL
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ULTRAFILTRATION IN AN UNSTIRRED BATCH CELL
ABSTRACT
The ultrafiltration of macromolecular solutions in an unstirred batch cell was
investigated to isolate the effect of variable diffusion coefficient from that of
variable solution viscosity. Solutions of bovine serum albumin (BSA) in 0.15M NaCl
(7.40 pH) and O.10M sodium acetate (4.70 pH) were used. A technique for minimizing
the effect of variable membrane properties, as well as pregel (low polarization)
region is presented. (BSA) systems are studied over a wide range of concentrations
(0.01-0.10 g/cm 3) and at higher pressures than previously reported (10.34 x
105N/m2 ). Results confirm that BSA solutions do reach a pressure-independent flux
region at moderate pressures. A constant property integral method solution was
developed which agrees well with the exact solution but not with the film theory.
Agreement between acquired BSA data and theoretical predictions is excellent, with
the average error less than 3%.
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INTRODUCTION
Over the past decade, membrane ultrafiltration has become recognized as a viable
process for the concentration or separation of moderate to high molecular weight
solutes from solutions. Because of the wide application and simplicity of the pro-
cess, ultrafiltration is currently being used in many commercial and industrial
operations from food processing to waste treatment. As a direct result of this
increased interest in ultrafiltration, there have been many investigations regarding
the nature of the transport phenomena in ultrafiltration [Michaels (1968), Blatt et
al. (1970), Goldsmith (1971), Kozinski and Lightfoot (1972), Porter (1972), Shen and
Probstein (1977), Mitra and Lundblad (1978), Probstein et al. (1978, 1979)].
Although more rigorous predictive models exist, the mainstay of the ultrafiltra-
tion technology continues to center around models based on film theory. Shen and
Probstein (1977) and Probstein et al. (1978, 1979) have taken a more exact approach
to the problem and have shown that numerical solutions to their exact model for
variable viscosity and diffusion coefficient can be closely approximated by a
modified film theory model where the value of the diffusion coefficient is evaluated
at the solute gelling concentration. Agreement with experimental data for the
parallel plate system is excellent if the values of the solute gelling concentration
and corresponding diffusion coefficient cited by Probstein et al. (1978, 1979) for
bovine serum albumin are employed. Possible limitations of the data of Probstein et
al. (1978, 1979) are that flux measurements were taken over a narrow range of solute
concentrations, Trettin and Doshi (1980) have theoretically shown with an integral
method solution to the solute mass balance equation that permeate flux does not vary
logarithmically with solute concentration, which is characteristic of the film
theory model. Since there are substantial differences between the two models, there
is a definite need for additional data taken over a wider solute concentration range
to test the two theories. Besides, existing data have not been corrected for the
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pregel region. We appreciate that the pregel region is indeed small. However,
permeate rate in the pregel region may not be negligible compared to that in the
gel region.
A major obstacle in the comparison of the experimental data with the modified
film theory model and more exact solutions is that the proper values of the solute
gel concentration and diffusion coefficient are not available. Most previous studies
have used forced convection ultrafiltration units where added complications may
arise due to variable viscosity. The unstirred batch cell system offers the unique
opportunity of studying the ultrafiltration of bovine serum albumin solutions
without the interfering effect of variable viscosity. The main objective of this
work is to develop the analogous form of the integral method solution derived (for
parallel plate system) in the work of Trettin and Doshi (1980), along with the film
theory analogy, for the unstirred batch cell. Experimental data taken in the
unstirred batch cell ultrafiltration of bovine serum albumin are corrected for the
pregel region and compared with both models. Results are further compared to the
values of gel concentration and diffusion coefficient determined by Probstein et al.
(1978, 1979).
THEORETICAL DEVELOPMENT
Consider the unstirred cell geometry as shown in Fig. I where the general solute
mass balance equation of
applies. It is implicitly assumed in the derivation of Eq. (1) that the density of




Clearly, the model assumes that a solute gel concentration is reached instan-
taneously at the membrane surface and that the value of the solute diffusion coef-
ficient is constant. Adopting a similarity transformation of the form
n = y/(4Dt)1/2 (5)





and the boundary conditions of Eq. (2)-(4) reduce to
Integration of Eq. (6) with the substitution of the boundary condition given in
Eq. (10) yields
Upon evaluation of the closed integral of Eq. (11), the result is
For small values of Vw, Eq. (12) may be simplified to
Similarly, for large values of Vw, Eq. (12) may be written as
It will be interesting to obtain a solution by the integral method in an
analagous manner to the previously solved case of the parallel plate (rectangular




Note that at y = 6(t), c = co. The solution involves the integration of Eq. (1)
over the boundary layer thickness, 6(t), with the substitution of the concentration
profile equation. The result may be expressed as
or, integrating Eq. (16) with respect to t and noting that at t = 0, 6(t) = 0
1/2
Equation (17) may be written in terms of vw using the boundary condition of
Eq. (4)
Transforming Eq. (18) to dimensionless form using Eq. (7) yields
where
K = 2n/(n+l); F = c/c o (20)
In order to determine the proper value of the coefficient n, a moment technique
was applied by multiplying Eq. (1) by y
Upon substitution of the assumed concentration profile into Eq. (21) and integra-
tion over the boundary layer thickness, the result may be expressed as
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or, since n > 0
A comparison of the developed integral method solution was made with the calcu-
lated solutions of Eq. (12) within a range of Fg values from 2 to 100. The
agreement of the predicted values of Vw between the two solutions is excellent with
a difference less than 1%. Fp was assumed to be zero in the comparison. In the
calculation of permeate flux, the use of Eq. (19) is more convenient since Eq. (12)
must be solved by trial and error.
The unstirred batch cell analogy of the film theory model can be obtained by
neglecting the accumulation term from Eq. (1) and integrating
The quantity D/S is taken to be equal to the unsteady-state mass transfer coef-
ficient (assuming constant wall concentration) in the absence of transverse velocity
Substituting for D/6 in Eq. (24) yields
or, expressed in a more conventional form
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Transforming to dimensionless variables, with the use of Eq. (7) yields
(28)
A comparison of the film theory solution to the integral method solution for the
unstirred batch cell is shown in Table I, where it is noted that the film theory model
consistently underpredicts the integral method model with progressively better agree-
ment as the value of Fg approaches unity. Film theory deviates from the more exact
theory by more than 25% for all values of Fg greater than 4.0. Similar results were
obtained for the case of the parallel plate system.[Trettin and Doshi (1980)].






























Bovine serum albumin (Cohn fraction V), obtained from Sigma Chemicals Co. in
granular form, was selected as a macromolecular solute. The justification for this
choice of material was twofold. First, BSA is a reasonably well-characterized pro-
tein with Newtonian rheological properties [Kozinski and Lightfoot (1972)] and a
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narrow molecular weight distribution of approximately 70,000. Second, BSA has been
studied extensively by previous investigators [Blatt et al. (1970), Kozinski and
Lightfoot (1972), Shen and Probstein (1977), and Probstein et al. (1978, 1979)] so
their work provides a comparison with our results. Solutions of BSA prepared in
0.15M NaCl (7.4 pH) and 0.10M sodium acetate (4.7 pH) were used. These buffer solu-
tions are comparable to those studied by Shen and Probstein (1977) and Probstein et
al. (1978, 1979). Sodium azide of 200 ppm concentration was added as a preservative
and final solutions were filtered through a 0.8-pm millipore filter to remove
undissolved solute. Solutions were then refrigerated at 10°C prior to use. BSA
solutions which had aged more than two weeks were discarded. Solute concentrations
were determined by ultraviolet light absorption with a spectrophotometer at the
absorption peak of 280 nm.
The literature contains numerous experimental determinations of the mutual dif-
fusion coefficient of BSA in various buffer solutions [Creeth (1952), Charlwood
(1953), Keller et al. (1971), Doherty and Benedek (1974), Phillies et al. (1976)].
The range of reported diffusion coefficient at low concentration is D = 5.5-7.0 x
10- 7 cm2 /sec. However, values at higher concentration show considerable scatter as
pointed out by Shen and Probstein (1977). Phillies et al. (1976) have studied BSA
solution diffusivity in both 0.025M sodium acetate-0.2M NaCl and 0.15M NaCl buffer
systems over the pH range of 4.3-7.6. Their work has shown a negligible con-
centration dependence of the diffusion coefficient in the acetate buffer system
within the 4.6-5.6 pH range. Data taken within the higher pH ranges of the 0.15M
NaCl system show considerable scatter and have been interpreted by Probstein et al.
(1979) to yield an average value in general agreement with their determination of
6.7 x 10- 7 cm2 /sec.
Ultracentrifuge experiments were performed in our laboratory with the acetate
and saline buffered BSA solutions (= 0.007 g/cm3 ) using the optical procedure of
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Longsworth (1952) and Creeth (1955) as outlined by Tostevin (1966). Limitations of
this method are that only low concentrations of BSA in solution may be studied due
to refraction fringe merging at higher concentrations (> 0.01 g/cm3). Corresponding
values of the diffusion coefficient for the 0.10M sodium acetate (4.7 pH) and 0.15M
NaCl (7.4 pH) systems are 6.79 x 10-7 and 6.91 x 10-7 cm2 /sec, respectively. Experi-
ments were performed at 23.5°C. Both Creeth (1952) and Charlwood (1953) have reported
the diffusivity of dilute BSA solutions to be within the range of 6.6 x 10-7 to 7.1
x 10-7 cm2 /sec at 25°C. Their data also show that the effects of pH value and buffer
type upon the diffusion coefficient are negligible. This observation is in agree-
ment with our measurements.
The gelling concentration of BSA in saline solution (7.4 pH, 25°C) has been inde-
pendently determined by Kozinski and Lightfoot (1972) to be 0.585 g/cm3 . As for BSA
in acetate solution (4.7 pH), there are no direct determinations of gelling concentra-
tion reported in the literature. Probstein et al. (1978) have indirectly determined
the value of gelling concentration to be 0.340 g/cm3 (4.7 pH, acetate buffer system)
through their interpretation of parallel plate data using film theory principles.
Batch cell experiments were performed in stainless steel pressure cells manufac-
tured by the Gelman Filter Co. Average membrane area equalled 15.62 cm2 and the
total cell volume was approximately 230 cm3 . The batch cells were affixed to a sup-
port integral with the building structure to prevent extraneous vibration and the
room temperature was controlled within the range of 21-24°C. Total permeate volume
was gravimetrically measured as a function of time for periods as long as 20 hours.
The batch cell geometry was such that a volume correction of 2 mL had to be added to
the initial permeate volume measurement to account for permeate trapped in the cell.
The value of the correction was confirmed experimentally. Cell pressure was varied
from 2.76 x 105 to 10.34 x 105 N/m 2 (40 to 150 psig). A schematic diagram of the




Figure 2. Batch cell arrangement.
The majority of the batch cell experiments were done using cellulose acetate
membranes (5,000-10,000 MW cutoff) supplied to us through the courtesy of UOP-Fluid
Systems. Several experiments were additionally conducted using a noncellulosic
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(X-117) and polysulfone membrane also from UOP-Fluid Systems. Both noncellulosic
membranes performed as well as the cellulose acetate membrane, yielding solute
rejections greater than 95%.
ANALYSIS OF DATA
From the integral method analysis of the batch cell it was shown that
Let A = the transport surface area of the membrane, and B = AVw(D/4)l/2; therefore
integrating with respect to t from 0 to T yields
T
where AV equals the total permeate collected from t = 0 to t = T. If AVi represents
permeate collected between time t = 0 and t = Ti, we have from Eq. (30)
In all experiments, permeate collection measurement times were selected so that T2
=
2T1 and T3 = 4T1, giving
Acceptability limits of the data were established as + 3% of the 0.4142 value. It
may be noted that 83% of the collected data fell within this range, and over 94% of
the collected data fell within the + 4% range limits. Results of the above analysis
show that the average time to reach a limiting condition at the membrane surface is
indeed less than the first experimental collection time (T1).
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Even though the duration of the pregel region is short, the permeate collected
during this time may represent a sizable percentage of total permeate collected at
longer times. This is particularly true for situations where the bulk solute con-
centrations (co ) are high and consequent permeate fluxes are small. Also because it
was not possible to clean the membranes effectively to restore initial pure solvent
flux, new membranes were used in each sample run. This fact introduces the addi-
tional complication of variable pure solvent flux and rejection coefficients between
experiments which in turn affect the rate of accumulation of solute at the membrane
surface in the pregel region. It is, therefore, necessary to utilize a method of
data analysis so that the effects of membrane variation in the pregel region may be
minimized.
It was observed from experimental data that when values of 2B were calculated
from a permeate volume difference relationship, a constant value to within 3% was
obtained for the various time intervals used [(T2, T1), (T3 , T1), or (T3 , T2)].
However, when this same value of 2B was used in Eq. (30) to back calculate the
corresponding values of AV1 , AV2 , and AV3 , differences as great as 20% were found
between experimental measurements and the calculated values of AV. Also, it is
known that pregel permeate flux will be greater than the corresponding gel limiting
flux, since the secondary hydraulic resistance of the gel layer is not present.
Therefore, in a system where both a pregel and gel regions are found, collected
permeate will be greater than in the equivalent gel polarized system. In view of
the cited observations, a correction factor was subtracted from experimentally
measured permeate volumes
AV = AVexp - AVcorr (33)
Clearly, Eq. (33) has no effect upon a permeated volume difference relationship,
since the correction volume cancels outs. However, Eq. (30) becomes
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Equation (34) can be rewritten as
By plotting AVexp/T 1/2 vs. 1/T1 /2 and extrapolating to infinite time (T), it is pos-
sible to minimize the effects of the pregel region (AVcorr) and determine the appro-
priate value of 2B. The value of AVcorr may also be determined from the slope. The
true value of AV/T 1 / 2 resulting from the pregel region correction is referred to as
Results of the BSA batch cell experiments are given in Tables II and III. Data
are also displayed in Fig. 3 and 4. The noted correlation factors represent the
accuracy of the data fit to a straight line. Calculations were performed using a
linear regression analysis program, and a factor of 1 represents a perfect correla-
tion. The sample scheme (Table IV) represents the times at which the collected per-
meate volume was measured.
Average values of bulk concentration and corresponding extrapolated values of
AVexp/T 1/2 (or AV/T1/2lim) are plotted in Fig. 5 and 6 for the two solvent systems.
The dashed line in Fig. 5 represents the theoretically calculated values of AV/T1 /2
from the integral method solution using Kozinski and Lightfoot's (1972) value of
0.585 g/cm3 for cg. The value at the diffusion coefficient was taken as 6.91 x
10- 7 cm2/sec from our ultracentrifuge experiments. In comparison, the values of Cg
and D used by Probstein et al. (1978, 1979) for BSA in the saline solvent system
(7.4 pH) were 0.580 g/cm3 and 6.7 x 10- 7 cm2/sec, respectively. Correspondingly,
the dashed line in Fig. 6 represents the integral method solution where the value of






measurement of Cg for the acetate BSA system is not available, the value of cg was
interpreted to be 0.385 g/cm 3 from fit of data to the integral method solution. The
solid lines in Fig. 5 and 6 represent the film theory-predictions of AV/T1/2 using
the respective values of cg and D cited above for each solvent system. In comparison,
the values of cg and D determined by Probstein et al. (1978, 1979) for BSA in the
acetate solvent system (4.7 pH) were 0.340 g/cm3 and 5.6 x 10-7 cm2/sec, respectively.
Since their values for the acetate system vary considerably from ours, plots of the
integral method model and the film theory model using their values of cg and D are
also shown in Fig. 6. Both Fig. 5 and 6 indicate that the integral method model
fits data well with an average variance of + 4%, while the film theory consistently
underpredicts experimental flux measurements. If a straight line approximation is
fit to the experimental data in an attempt to satisfy the film theory model, the
result would necessitate an unrealistically high diffusion coefficient value of
6.1-0.7 x 10-6 cm2 /sec. This range of values represents an order of magnitude dif-
ference from published values.
TABLE IV
DATA COLLECTION PATTERNS
Sample Scheme Times of Measurement, hours
A 2, 4, 8
B 3, 6, 12
C 5, 10, 20
Figure 7 is an interesting plot showing that the variable cg/co (or Fg) is the
independent variable in the integral method model. This explains the experimental
observation of two different permeation rates for the same value of co in the saline
and acetate systems. This is due to the fact that even though c o is the same, the






---- Integral Method Solution
- Film Theory Model
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Several of the solutions listed in Tables II and III were studied at lower cell
pressures, namely, 2.76 x 105N/m2 and 4.14 x 105N/m2 . The analysis of these systems
yielded values of [AV/T1/ 2 ]lim approximately 10 to 15% less than the values at
identical concentration and higher pressure. Also, the extrapolated lines of the
AVexp/T1/2 vs. 1/T1 /2 plots for various low pressures and constant concentration did
not intersect at the same point on the y axis as they did in the case of higher
pressures. These results may mean that, at the lower pressures, a gel layer was not
formed at the wall, but rather, the system was limited by the osmotic pressure of
the BSA solution itself.
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CONCLUSIONS
The primary conclusion of this work is that the logarithmic permeate flux be-
havior predicted by the widely accepted film theory model is not encountered in the
unstirred batch cell system. Rather, flux rates are accurately predicted by a more
exact theory. Values of the gel concentration and diffusion coefficient for the
saline solvent system do, however, agree well with those determined by Shen and
Probstein (1977) and Probstein et al. (1978, 1979) for their parallel plate system.
In the acetate solvent system, there exists a discrepancy between Probstein's (1978)
determinations of cg and D and ours. Accurate analysis of data in terms of the
integral method solution, which assumes a constant value of the diffusion coef-
ficient, confirms negligible concentration dependence of the diffusion coefficient
for BSA.
The low-pressure observations of linear AV/T1 /2 vs. 1/T1 / 2 plots and noninter-
secting values of [AV/T1/2]lim below those for higher system pressures indicate
constant solute concentrations at the wall that are less than the corresponding BSA
gel concentration.
Ideally, the values of Cg and D should be measured independently. The presented
model is intended to be used to predict permeate variation with time. As shown in
Fig. 8, a 5% error in the measured value of AV can give 8 to 10% error in the calcu-
lated value of Cgo We do not recommend the use of batch cell ultrafiltration to




The authors wish to express their gratitude to the member companies of The
Institute of Paper Chemistry for their support of the graduate program. The authors
are thankful to Mr. Richard A. Walker of UOP-Fluid Systems for his valued assistance
during the course of the research.
-69-
NOMENCLATURE
B = dimensionless constant [Eq. (29)]
c = solute concentration, g/cm 3
D = solute diffusion coefficient, cm2/sec
F = c/c o
k = mass transfer coefficient, cm/sec
K = 2n/(n+l)
L = solution level in batch cell, cm
n = power law coefficient [Eq. (15)]
P = pressure, N/m 2
t = time, sec
T = permeate measurement time interval, sec
v = transverse velocity, cm/sec
Vw = dimensionless permeate constant [Eq. (7)]
y = transverse distance coordinate, cm
Greek Letters
6(t) = concentration boundary layer thickness, cm
n = similarity variable [Eq. (15)]
AP = total pressure gradient, N/m 2
AV = permeate volume collected in time T, cm3
e = (cg-Co)/(cg-cp)
Subscripts
a = at the ambient condition




g = at the gelling condition
i = at measurement i
lim = limiting
o = at the bulk solution condition
p = at the permeate condition
w = at the membrane surface condition
1,2,3 = at measurement 1,2,3
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ULTRAFILTRATION OF COLLOIDAL SUSPENSIONS AND MACROMOLECULAR
SOLUTIONS IN AN UNSTIRRED BATCH CELL
ABSTRACT
A general asymptotic theory for ultrafiltration in an unstirred batch cell is
developed. In the theory, convective transport of solutes or particles to membrane
surface is balanced by two components.: accumulation of solid s at the membrane sur-
face to form a cake or a gel layer and diffusion of solids away from the membrane
surface. Macromolecular ultrafiltration where convective flux is balanced by dif-
fusive flux at the membrane surface and colloidal ultrafiltration where convective
flux of solids contribute to the increase in cake thickness with negligible dif-
fusive flux are special cases of the general theory. Macromolecular ultrafiltration
results were presented in our earlier papers, Trettin and Doshi (1980, 1981). In
this paper, we have studied the ultrafiltration of polymer latex suspension over
wide concentration (0.001 to 0.150 g/cc) and pressure (2.76 to 9.64 x 10
5N/m 2 )
ranges with different membranes. Data seem to follow constant pressure filtration
relationshipsas required by the theory. As expected, the permeability of latex
cakes is strongly dependent upon the physicochemical state of the solute. Some
cross-flow ultrafiltration data are also presented.
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INTRODUCTION
Currently, one of the major potential users of membrane separation equipment is
the pulp and paper industry. Ammerlaan, et al. (1969) have studied the application
of reverse osmosis to pulp mill effluents. A possible use of ultrafiltration, as
noted by Bailey (1973), presently may be found in the treatment of paper machine
"white water." Characteristically, white water is recycled back to pulpingopera-
tions for use as dilution water. Unfortunately, because of the large volumes of
white water generated by paper machines, pulping operations often do not provide an
adequate outlet for the total flow. Consequently, white water overflow which cannot
be reclaimed in some manner must be sent to a waste treatment plant. Besides repre-
senting a sizable hydraulic and pollutant load to the waste treatment plant, the
purging of the white water system entails the loss of many costly papermaking addi-
tives such as TiO 2 , clay, and various flocculants and dispersants. In the treatment
of white water streams, ultrafiltration represents a viable process for providing
clarified water and recovering papermaking chemicals which may be returned to stock
preparation operations. Similar applications may be found in the dairy, food, phar-
maceutical, metallurgical, paint, and other manufacturing industries. Because many
waste effluents are largely colloidal in nature, a great interest has been placed
upon the study of mass transfer mechanisms in colloidal ultrafiltration.
It has been known for some time that in continuous colloidal ultrafiltration
(cross-flow filtration) the film theory model drastically underpredicts experimental
permeate rates. One of the first studies to point out this fact was done by Blatt
et al. (1970). In an attempt to explain this observation, Blatt et al. proposed
that either (1) the back diffusion of colloidal particles from the polarized layer
is substantially augmented beyond that expected to occur by classical Fickian dif-
fusion mechanisms, or that (2) the permeate rate is not limited by the hydraulic
resistance of the particle polarized layer. Of these two possibilities, Blatt et
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al. favored the second explanation to be the more reasonable. They pointed out that
although a gel layer of macromolecules (average particle size of 50-100 A) has a
very high specific resistance, cakes formed from micron-sized particles have, in
comparison, relatively small specific resistances. They reasoned that, in the
ultrafiltration of particulate suspensions, a filter cake would continue to grow
until it reached a point where further growth was curtailed by the applied axial
fluid shear upon the system. In such a unit, Blatt et al. hypothesized that par-
ticle back diffusion from the cake surface may not be an important mass transport
mechanism and that the steady-state cake thickness would be determined entirely by
fluid dynamics. They concluded by stating that further experiments would be needed
to confirm their hypothesis.
Porter (1972) observed essentially the same type of behavior as noted by Blatt
et al. in the more than 40 colloidal suspensions he studied. Porter, however, chose
the hypothesis of augmented solute back diffusion from the cake surface as an explan-
ation of his observations. He stated that if the particle polarized layer is not
the limiting resistance to flow, the following should be true: (1) permeate rate
would be independent of concentration, (2) permeate rate would be proportional to
the transmembrane pressure drop, and (3) the deposited layer would continue to grow
until a significant portion of the channel is filled with cake. Porter clearly
found the opposite behavior since he observed (1) decreasing permeation rates with
increasing bulk solution concentration, (2) threshold pressures above which permea-
tion rates are independent of pressure, and (3) no decrease in feed concentration
and channel pressure drop with time. In an attempt to explain his experimental
observations, Porter hypothesized the migration of particles toward the center known
as the "tubular pinch effect" [Segre and Silberg (1962), Rubinow and Keller (1961),
Karnis et al. (1966), Brenner (1966)]. Obviously, such an additional mechanism will
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have a qualitative effect in agreement with experimental observation, but as it
turns out, quantitative predictions are not good.
Henry (1972), in a review article on cross-flow filtration, pointed out the long
transient flux decline in the ultrafiltration of colloidal suspensions. In the
ultrafiltration of bacterial cells, steady-state flux behavior was finally reached
after 18 hours of continuous operation. This may be compared to times of 1 hour or
less for the attainment of typical macromolecular ultrafiltration steady-state. In
the study of the effect of particle concentration upon permeation rate, the charac-
teristic logarithmic behavior predicted by film theory was not observed. Henry found
in general that the dependence of the permeation rate on fluid circulation rate (or
shear rate) is greater in colloidal ultrafiltration than that predicted by the film
theory model. This finding led Henry to the conclusion, like Porter, that an addi-
tional transport mechanism was present in such systems. Experiments comparing
flocculated to unflocculated particles revealed that increases in flux rates of an
order of magnitude could be obtained due to the increase in effective particle size.
Kraus (1974) has treated the observation of transient permeation rate decline in
a manner similar to constant pressure filtration theory. Kraus states that a cake
formed in cross flow filtration will continue to accumulate until its growth is
arrested by the hydrodynamic shear of the system, at which point steady-state is
reached. He further adds that, unfortunately, such steady-state operation rarely
occurs and permeation often continues to decline in long term operation. It is
Kraus' contention that in short term flux decline, the cross-flow filter acts like a
conventional filter without cross flow, and the permeate volume varies with the
square root of time if the resistance of the filter medium is negligible and the
filter cake obeys Darcy's Law:
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This model only applies to the formation of an ideal filter cake where the initial
cake forming period may be ignored.
Madsen (1977) semiempirically analyzed the problem of particle migration with the
use of the particle movement formula of Cox and Brenner (1967, 1968) and the film
theory model. He found that experimental permeate rates for cheese whey and
hemoglobin were underpredicted by a factor of 50 by the particle migration model.
His primary conclusion was that particle migration can only account for a part of
the high permeate flux observed in ultrafiltration of colloidal suspensions. In
summary, it would be desirable to have a unifying theory to explain the vast dif-
ferences between the two apparently similar processes of macromolecular and
colloidal ultrafiltration. The objective of this paper is to develop a model to
explain the observed colloidal ultrafiltration behavior. A step toward this goal is
taken here by considering a simple unstirred batch cell system. In the absence of
axial convection in such systems, a "tubular pinch" mechanism may be immediately
disregarded. A secondary reason for selecting the unstirred batch cell system is
that a reliable model for macromolecular ultrafiltration has been previously derived
[Trettin and Doshi (1980)] and would serve as a source of comparison to our new
results. Experimental data taken in the unstirred batch cell ultrafiltration of
styrene-butadiene polymer latex are analyzed in terms of the model. Our cross flow
colloidal ultrafiltration data are discussed in light of the batch cell results.
THEORETICAL DEVELOPMENT
Consider the ultrafiltration of macromolecular solutions or colloidal suspensions
in an unstirred cell geometry shown in Fig. 1. As the solvent or the suspending
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medium permeates through the membrane, rejected solids accumulate at and diffuse
away from the membrane surface. The objective is to predict the permeation rate,
vw, by considering both accumulation and diffusion of the rejected solids.
co
Figure 1. Batch cell geometry.
The solute mass balance equation can be written as:
(3)
It is implicitly assumed in the derivation of Eq. (3) that the density of the solid
is approximately that of the liquid.





Since the velocity, v, in Eq. (3) is relative to the moving cake surface
From Darcy's Law, the permeation velocity can be written as
The boundary condition, Eq. (6) becomes
with the substitution of Eq. (7) and (8).
In order to remain consistent with the large time asymptotic solution used in
this model, the hydraulic resistance of the membrane has been neglected in Eq. (8).
This is a common assumption used in filtration systems where filtrate flux is much
smaller than pure solvent flux under equivalent conditions. Such is found to be the
case at large ultrafiltration times.
A notable variation between the model presented in this report and previous
ultrafiltration models is that a net solute flux term (ns ) is utilized as shown in
Eq. (6), which accounts for solute accumulation at the membrane surface. Also,
transverse distance is measured from the cake or gel layer surface instead of the
membrane surface, which is characteristic of previous models. While gel thickness
in macromolecular ultrafiltration is typically small due to negligible solute accu-
mulation, such is not the case in colloidal ultrafiltration where cake thickness may
surpass mass transfer boundary layer thickness (6). For certain materials both cake
buildup and boundary layer could be important.
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By defining the following dimensionless variables,
Equations (3)-(5) may be transformed to
Similarly, Eq. (9) transforms to




It can be shown from Eq. (8) and (9)-(12) that
or, since 6 is proportional to (Dt)1 / 2,
Thus in physical terms, the parameter K is proportional to the ratio of the mass
transfer boundary layer thickness to the accumulated cake thickness.
When we consider the limiting case where solute accumulation is negligible
(ns + o) Eq. (19) and (20) reduce to
Equation (18) for the case of no solute accumulation becomes
Equation (23) is identical to the limiting flux relationship derived by Trettin
and Doshi (1980, 1981). In the unstirred batch cell ultrafiltration of macromolecu-
lar solutions, cw approaches an asymptotic value in a relatively short period (gener-
ally less than a minute) when the permeate rate is independent of pressure. The
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asymptotic value of cw may correspond to the solute solubility limit when gel for-
mation occurs (gel limited case) or c, may be equal to the concentration at which
osmotic pressure is the same as the applied pressure (osmotic pressure limited
case). Trettin and Doshi (1980, 1981) have shown that Eq. (23) yields excellent
predictive results for permeation rates in the unstirred batch cell ultrafiltration
of bovine serum albumin. Also we have shown (Trettin and Doshi, 1981) that an
unstirred batch cell can be used to determine whether macromolecular ultrafiltration
is gel limited or osmotic pressure limited.
When the limiting condition of negligible solute back diffusion is considered,
mass transfer boundary layer thickness, Ow and K will approach zero. From Eq. (17),
then
The equation, Vw = -vw (D4t) 1/2, is applicable to both the macromolecular and
colloidal ultrafiltration. Since Vw is constant, one can conclude that the limiting
flux in unstirred batch ultrafiltration is inversely proportional to the square root
of time irrespective of the nature of the dissolved or suspended material.
For ultrafiltration of colloidal suspensions where solute back diffusion from
the cake surface may be neglected, Eq. (11) and (24) can be combined to give
Integrating Eq. (25) between the arbitrary time, T*, which represents the initial
time where Eq. (25) applies, and the variable time, T, yields
-83-
Let AVcorr = (2AK) T"1/2 - AV* '= constant, so that Eq. (27) becomes
where,
The value of a (the specific cake resistance) is determined from the Kozeny-Carman
relationship for flow through porous media. Equations (25) and (28) are similar to
those developed by Kraus (1974) for cross-flow filtration.
Let us compare flux predictions using Eq. (25) and the film theory model for the
unstirred batch cell, which is presented in Eq. (30)
1/2
Adopting Porter's (1972) values of
for styrene-butadiene latex particles, from Eq. (25)
and, from Eq. (30)
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Equation (25) predicts a flux rate which is 58 times greater than the corresponding
film theory model. This order of magnitude difference for the unstirred batch cell
system certainly agrees well with the experimental differences cited by both Blatt
et al. (1970) and Porter (1972) for the cross-flow ultrafiltration system. Thus, a
detailed investigation may validate Kraus' (1976) contention that a cross-flow filtra-
tion system behaves like a batch system.
In summary, a general theory has been developed which unifies the two separate
theories of macromolecular ultrafiltration and constant pressure filtration. It has
been shown that the value of the parameter, K, is critical in the determination of the
principal transport mechanism. When K-+o-, back diffusion of solute from the gel sur-
face is limiting and is typical of macromolecular ultrafiltration. In such cases,
the net solute transport to the gel, ns, is negligible. When K + 0, the principal
transport mechanism is transverse convection with accumulation of solute at the
membrane surface. This condition will be shown in the data analysis section to
apply to the ultrafiltration of latex particles in the size range of 0.2-0.5 micron.
It is interesting to note that in the ultrafiltration of very small particles (< 0.0
micron), or, a mixture of macromolecules and colloidal particles, a condition may be
reached where Eq. (23) or (24) will not apply. Bixler and Rappe (1970) have observed
that macromolecular ultrafiltration rates can be increased by the addition of a
small amount of spherical glass beads to the cross-flow system. This flux augmen-
tation was attributed to the presence of a "tubular pinch mechanism" which aided the
back diffusion of retained solute from the membrane surface. Doshi (1979) has
shown, however, that such augmentation of flux is also achieved in the unstirred
batch cell by the addition of TiO2 particles to starch solution. In this case, it
is possible that the value of the constant K is somewhere between the two extreme
limits of zero (colloidal filtration) and infinity (macromolecular ultrafiltration).
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It is hypothesized that large particles interfere with the formation of a coherent
gel structure and thereby increase permeability.
The variations of dimensionless Vw with cw/co for various values of ( and K, as
predicted from Eq. (18) are depicted in Fig. 2 and 3. It may be noted the Eq. (18)
is relatively insensitive to change in 4 and large values of K (K > 1). Filtration
in the intermediate regions should, however, follow the general form of Eq. (18).
ANALYSIS OF DATA
The unstirred batch cell ultrafiltration of polymer latex was studied over a
wide concentration (0.001-0.150 g/cc) and pressure (2.76-9.65 x 105 N/m 2 ) range. The
latex used was obtained through the courtesy of Dow Chemical Company (Dow DPP-722)
and the particle size distribution was fairly narrow (average particle size = 4.0 x
10-5 cm). Solutions were prepared in distilled-deionized water and adjusted to 8.50
pH by the addition of sodium hydroxide. In experiments where flocculated solutions
were studied, alum [Na Al(SO 4)2 * 18 H20] of concentration 18 g latex/l g alum was
added as the flocculant and the pH was adjusted to 5.50. Total permeate volume was
gravimetrically measured as a function of time for periods up to approximately 22
hours. Batch cell experiments were performed in stainless steel pressure cells
manufactured by the Gelman Filter Company. Average membrane area equalled 15.62
cm2 and the total cell volume was approximately 230 cm3 . The batch cells were
affixed to a support integral with the building structure to prevent extraneous
vibration, and average room temperatures were recorded during the experimental period
for each solution tested. The batch cell geometry was such that a volume correction
of 2 mL had to be added to the initial permeate volume measurement to account for
permeate trapped in the cell. This volume correction was confirmed experimentally.







Figure 4. Batch cell schematic.
x
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The majority of batch cell experiments were done using cellulose acetate membranes
(5,000-10,000 MW cutoff) supplied to us through the courtesy of UOP-Fluid Systems.
Solute rejection was complete. rm Values given in Tables I-VIII were calculated from
pure solvent flux measurements at the designated pressure.
Figure 5 represents data taken at constant concentration (co
= 0.0324 g/cc latex)
and variable pressure. Data are analyzed in terms of Eq. (28). Table I contains
the calculated values of a, the specific cake resistance, for the data shown in Fig.
5. Data reveal a change in a with pressure, indicating latex compressibility. This
variation of a with pressure may be approximately analyzed in terms of the rela-
tionship
Figure 6 represents data taken at constant pressure (5.52 x 105N/m2 ) and
variable concentration for unflocculated latex suspensions. Table II contains
calculated values for a for the data shown in Fig. 6, which indicate that as bulk
concentration (co) increases, a also increases. This seemingly contradictory behav-
ior will be discussed later. Results may be roughly correlated to the empirical
relationship of
If an approximate calculation of cake porosity is made using the average value




This value of c is low compared with the reported porosities of many other similar
materials. The observation that latex is compressible along with the fact that
there is a slight nonuniformity with regard to particle size of latex used may
account for the low porosity. Geometrically, the minimum porosity (or void
fraction) which is possible with rigid spheres of uniform size is 0.26. In order to
check the validity of our results the following experiments were performed.
TABLE I
ULTRAFILTRATION OF LATEX USING CELLULOSE ACETATE MEMBRANE (SEE FIG. 5)
co = 3.24 x 10-2 g/cc
x 104
P x 10- 5 Slope Vco r k x 102 N-sec/ x 10-13 r x 10-11
[N/m 2] [cm3/sec] [cm3] [g/cc] m2 [cm/g] [1/cm]
2.76 0.555 9.94 3.35 9.14 1.43 1.92
4.14 0.673 8.92 3.35 9.14 1.46 1.68
6.89 0.795 8.43 3.35 9.14 1.74 1.96
Instead of measuring transient permeate volume, 200 mL of a latex suspension of
known concentration was added to the batch cell. The cell was then attached to the
pure water reservoir and pressurized. Cells were allowed to run until steady state
was reached (about 16 hours). Permeation rates were then measured at several
pressures. Experiments were carried out with both unflocculated and flocculated
latex. Since the mass of the latex in the cell was known, values could be calcu-
lated from the equation
where m = gram mass of filter cake and A = area of cake base.
Tables III, IV and V list the results for unflocculated latex (cellulose acetate
membrane), flocculated latex (cellulose acetate membrane), and flocculated latex
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FLOCCULATED LATEX (3.27 g CAKE) 0.22 MICRON MILLIPORE FILTER -
CAKE FORMED AT 5.52 x 105N/m 2
x 104vx 104 Grace (1953)
AP x 10- 5 Vw x 104 N-sec rm x 10-8 a x 10-13 a x 10-13
[N/m 2] [cm/sec] m2 [1/cm] [cm/g] [cm/g]
2.76 20.2 9.14 9.10 0.0710 0.050
4.14 31.1 9.14 9.10 0.0691 0.060
5.52 40.8 9.14 9.10 0.0703 0.067
6.98 50.6 9.14 9.10 0.0717 0.074
8.27 59.1 9.14 9.10 0.0727 0.075
9.65 71.8 9.14 9.10 0.0698 0.075
The fact that the values a given in Table III do not differ appreciably from
those given in Table I confirms the validity of the steady-state technique.
Data in Tables III and IV show that a decrease of 90% in the specific cake
resistance can be obtained when the latex suspension is flocculated. Decreases of
95% occur in the specific cake resistance when flocculated latex is filtered with a
0.22 micron Millipore filter (Table V). Grace (1953) performed a fairly comprehen-
sive study of water permeation through latex beds with a compression-permeability
apparatus. His experiments were done with highly flocculated suspensions, and the
latex used was of the same particle diameter as ours but of a more uniform size
distribution. Our values of flocculated latex cake resistance agree very well with
the results reported by Grace (1953), as shown in Table V.
Results reported in Table VI show the effect of forming latex cakes from floc-
culated suspensions of different concentration upon the value of a. Results may be
roughly correlated with the empirical relationship
a = 7.12 x 1010 Co- 0.5 1 5 (35)
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TABLE VI
FLOCCULATED LATEX - ABCOR HFA-180 MEMBRANE -
CAKES FORMED AT 5.52 x 105N/m 2
x 104 Grace (1953)
co x 102 AP x 10-5 v x 104 N-sec r x 10-10 m ax 10-13
[g/cc] [N/m 2] [cm/sec] _ m2 _ [1/cm] [g] [cm/g]
1.03 5.52 36.6 8.18 8.85 2.06 0.0727
7.10 5.52 17.4 8.55 8.20 14.2 0.0318
14.5 5.52 15.8 8.55 8.34 29.0 0.0175
Before the analysis of data is concluded, mention must first be given to the
seemingly contradictory observations given in Table II and Eq. (32) for unfloc-
culated latex and Table VI and Eq. (35) for flocculated latex. Decreasing values of
a with increasing bulk concentration is an effect which is well accepted in the
filtration of particulate suspensions which are flocculated or have low particle
surface charge [Heertjes (1975)]. The primary explanation of this effect is that as
suspension concentration is increased, the particle flux to the septum surface is
increased. Since there are only a limited number of available pores for liquid to
pass, more particles converge upon the same pore. This gives rise to appreciable
particle bridging around each pore, and consequently, a cake of higher porosity is
formed. This less dense cake structure is propagated throughout the entire cake
formation process because of the relatively lower resistance of the deposited layer.
It is hypothesized that in the ultrafiltration of unflocculated or highly
charged particles, the interparticle repulsion has a sizable effect upon the per-
meability of the subsequent cake that is formed. This point may be best explained
with the use of Fig. 7 and 8.
When a highly charged particle suspended in a medium of low particle concentra-
tion approaches the cake surface, it has several possible locations to make contact
with the cake. Position 1 is the optimum from the electrostatic repulsion point of
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view, since less of the particle surface area will be exposed to identically charged
particles. Therefore a less resistive cake is formed. This process is depicted in
Fig. 8.
Figure 7. Unflocculated particles at low concentration.
Figure 8. Unflocculated particles at high concentration.
As particle concentration is increased in the suspending medium, more particles
compete for these optimum positions. Also, each particle experiences increased
repulsion from neighboring particles in suspension. Therefore, a greater number of
particles are forced into more closely packed positions, although they are less
attractive from an electrostatic standpoint. The net result is the formation of a
more resistive cake. This process is depicted in Fig. 8.
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This effect may be a possible explanation of why Porter (1972) observed decreas-
ing permeate rates with increasing concentration of unflocculated solute. The reason
was that, even though the final cake thickness may have been the same at steady
state due to constant shear for the various concentrations studied, the specific
resistance of the filter cake increased with increasing feed concentration. Conse-
quently, decreasing flux rates with increasing feed concentration were observed.
The ultrafiltration of latex suspensions was studied in a cross-flow, parallel
plate (thin channel) system having the dimensions h = 0.318 cm, w = 14.92 cm, and L
= 198.12 cm. The channel had a calming length of 91.44 cm before the active membrane
section (total unit length = 289.56 cm) to insure a fully developed velocity pro-
file. The permeate collection chamber was partitioned so that flux could be measured
incrementally along the length of the channel. Triton X-100 was added as a surfac-
tant to the concentration of 400 ppm. There was no difference between pure water
and water + Triton X-100 solution flux using an Abcor HFM-180 membrane. The ultra-
filtration of latex solutions was studied under two conditions: permeate returned
to feed tank and permeate not returned. Feed solutions were recycled through the
unit, and the bulk concentration in the feed tank was measured each time permeate
flux was recorded. The membrane was rinsed clean after each velocity run. A sche-
matic diagram of the flow system is given in Fig. 9. Results are given in Tables VII
and VIII where average values of vw calculated from incremental measurements are
reported. No significant trend in incremental flux variation from end-to-end was
noted. Incremental flux measurements deviated from the average by less than 15%.
The analysis of Tables VII and VIII yields very interesting results. In Table
VII, where permeate is being returned to the feed tank, we see a continuous decrease
in bulk solution latex concentration with time. This behavior is indicative of par-
ticles being removed from suspension or the formation of a cake upon the membrane






















AP x 10- 5
(N/m2)
3.59
rm = 2.38 x 1011 (1/cm)
T = 20.6°C
2.76
rm = 4.94 x 1010 (1/cm)
T = 23.9°C
aAxial flow rate (Q) changed at t = 97.2 x 103 sec from 0.0871 to 0.1994 liter/sec.
long periods (up to 59 hours) of operation. The first set of data in Table VIII
show that when permeate is not returned to the feed tank, the latex concentration of
the feed solution remains essentially constant. This observation may be interpreted
as indicating that all particles which are transversely convected to the membrane
contribute to the increase in the cake mass. In other words, the hydrodynamic effect
of the cross-flow stream in sweeping particles back into suspension from the cake
surface is negligible. This observation is consistent with the findings of Kraus
(1974). At the higher axial velocity (volumetric flow rate) shown in the second
data set of Table VIII, we begin to see the effect of the cross-flow stream where
the feed solution is concentrating with time indicating that particles are being
swept back into solution. It is indeed interesting to note that during the primary
stages of cross-flow filtration the system behaves like the unstirred batch cell.












































rates. Once the latex particles become consolidated into a cake, they apparently are
very difficult to remove by shear forces. If the preceding analysis is accurate, it
should be possible to interpret the first data set of Table VIII using the constant
pressure batch cell filtration equation with simultaneous buildup of cake. From Eq.
(25)
1/2
when the data of Table VIII are plotted in terms of vIw versus t
- 1/2, it is found
that
or, solving for a assuming e = 0.20,
a = 8.13 x 1012 (cm/g) (38)
TABLE VIII
PARALLEL PLATE EXPERIMENTS - LATEX W/O PERMEATE RETURN
T = 20°C, rm = 2.38 x 1011 (1/cm)
Q t x 10- 3 c x 104 co AP x 10
- 5
(L/sec) (sec) (cm/sec) (g/100 cc) (N/m
2)












In order to check the valid range of this value, a sample of the feed tank solu-
tion was ultrafiltered in the unstirred batch cell where the same type of membrane
was used. The results of the analysis yielded the corresponding value of
a = 8.29 x 1012 (cm/g) (39)
This agreement confirms the fact that the convective ultrafiltration of latex
suspensions follows constant pressure batch cell filtration theory. The reason for
the apparent drop in a from an average of 15.0 x 1012 to 8.13 x 1012 (cm/g) may be
explained by the fact that in systems of high shear (from pump, valves, etc.) a cer-
tain amount of surfactant is removed from the latex surface and consequently, floc-




The interpretation of unstirred batch cell permeation rates with regard to
macromolecular and colloidal ultrafiltration has been unified by a common mathemati-
cal model. An important dimensionless parameter, K, emerging from the model is pro-
portional to the ratio of mass transfer boundary layer thickness to cake thickness.
For macromolecular ultrafiltration, cake thickness is negligible and K approaches
infinity, whereas for colloidal ultrafiltration, diffusion transport is negligible
so that K tends to zero. The general model is applicable to these two extreme cases
(K+- and K+0). The model is probably valid for all values of K, but we do not have
experimental data for intermediate values of K to support this.
Results from batch cell ultrafiltration of latex suspensions could be
interpreted in terms of constant pressure filtration relationship as suggested by
the model. Also, our unsteady state cross-flow ultrafiltration results could be
correlated by constant pressure filtration Eq. (36). Certainly, more work is needed
to identify parameters governing the existence of steady state and unsteady state in
cross-flow ultrafiltration of suspensions.
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NOMENCLATURE
Surface area of membrane (cm
2 )
Constant in Eq. (1) and (2) (cm3/sec
1 /2)
Solute concentration (g/cm3)
Solute diffusion coefficient (cm
2/sec)
Solute particle diameter (cm)
Channel half height (cm)
Constant = (g/cm 3 )
PS -(1_E) Co
Channel membrane length (cm)
Mass of cake (grams)








Permeate measurement time (sec)
Arbitrary time (sec)
Time (sec)
Transverse velocity in the cell (cm/sec)
Permeate flux constant defined by Eq. (12)
Permeate volumetric flux (cm/sec)
Channel width (cm)












Specific cake or gel resistance = 150
Dp23p s
Total pressure gradient (N/m2)
Permeate volume collected in time T (cm3)
Correction volume defined in Eq. (32)
Mass boundary layer thickness (cm)
Cake or gel porosity
















of the bulk solution
of the solute
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LIMITING FLUX IN ULTRAFILTRATION OF MACROMOLECULAR SOLUTIONS
ABSTRACT
The mass transfer equation describing the process of gel polarized ultrafiltra-
tion is solved using an integral method. A concentration profile is assumed to be
an nth degree polynomial. In conventional integral method, "n" is arbitrarily
assigned an integer value. In this paper we have taken the first moment of the con-
vective diffusion equation to determine "n" as a function of the system parameters.
The agreement between the closed form integral method solution and the exact numeri-
cal solution is excellent, whereas the widely used film theory deviates considerably.
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INTRODUCTION
Macromolecular ultrafiltration has attracted recognition over the past decade as
a simple and convenient technique for concentration, purification, and separation of
medium to high molecular weight solutes from solutions. The main advantage is that
ultrafiltration does not involve a phase change or interphase mass transfer.
Basically, ultrafiltration involves the pressure-activated separation of chemical
constituents which have different permeability through a membrane. As a pressurized
solution flows past a selective membrane, solvent permeates through the membrane
while rejected solute accumulates in the vicinity of the membrane. In order for the
criterion of steady state mass transfer to be satisfied, the net rate of convective
transport toward and parallel to the membrane surface must equal the rate of
transport by diffusion away from the membrane surface. The net result is a layer of
solution adjacent to the membrane surface of substantially greater solute con-
centration than that of the bulk solution within the channel.
The phenomenon of concentration polarization always operates to reduce the
permeate rate of the ultrafiltration process. In the ultrafiltration of solutions
containing low molecular weight solutes, concentration polarization decreases the
effective pressure gradient by increasing osmotic backpressure at the membrane sur-
face. In the case of solutions composed of high molecular weight solutes where
osmotic pressures are typically negligible, solute concentration at the membrane
surface continues to increase until solubility limits are reached at which point a
gelatinous precipitate matrix is formed upon the membrane. This "gel" layer offers
an additional hydraulic resistance to solvent flow. When a laminar flow ultrafil-
tration system is operated in the "gel polarized" region, permeate flux rates are
governed primarily by the transport mechanisms of convection and molecular dif-
fusion. Pressure dependence is secondary - increase in pressure merely increases
gel thickness with little effect on permeate flux. Although osmotic backpressure
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and gel polarization have the same deleterious effect upon permeate flux, there are
substantial differences between the two phenomena. In the operation of an ultra-
filtration system which is gel polarized, wall concentration (cw) is constant and
equal to cg, the gelling concentration of the solute material. In the case of
limiting osmotic pressure, cw continues to be a function of axial position along the
conduit. The form of this function will be determined by the relationship of osmotic
pressure to solute concentration. Also, permeate flux is a function of system
pressure. It is the region of developing wall concentration (cw) with axial posi-
tion that we term "pregel" in this paper. A drawing depicting the two regions is
shown in Fig. 1
OSMOTIC PRESSURE
LIMITING REGION GEL POLARIZED REGION
%
Figure 1. Comparative drawing of osmotic pressure limiting region
and gel-polarized region.
PREVIOUS DEVELOPMENTS
A quantitative prediction of solvent flux requires an analysis of the basic
transport mechanisms which take place within the ultrafiltration system. Currently,
the most widely accepted model is based on film theory principles. The film theory
model is formulated on the assumption that axial convection in the mass balance
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equation may be accounted for in an indirect way. Constant fluid properties are
assumed, and the model when applied to the gel-polarized region assumes wall con-
centration to be constant and equal to gel concentration of the solute material.
Therefore, the mass balance equation reduces to
The boundary conditions are
at y = 0 (membrane surface), c = cg (2a)
where 6(x) equals the mass transfer boundary layer thickness. In Eq. (2b) we have
assumed that the membrane rejects solute completely.
Upon integration and substitution of the boundary conditions one gets
The quantity, D/6(xc), may be approximated as the mass transfer coefficient, k,
calculated by solving the solute balance equation where transverse convection has
been neglected
for either constant wall concentration or constant wall flux boundary condition.
Assuming a linear axial velocity profile, the entrance region Leveque solution for a
parallel plate system may be given in terms of the mass transfer coefficient as
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where A = 0.776 (for constant wall concentration), A = 0.942 (for constant wall
flux), and a = 3 <u>/h.
In summary, it can be seen that the film theory analysis is a patching method by
which axial dependence, which appears explicitly through the term, u ac/ax, is
replaced by one which arises implicitly through the boundary layer thickness 6(x).
One of the first extensive studies on ultrafiltration using the film theory was
published by Blatt, et al. (1970). These investigators used natural macromolecular
solutions such as casein, albumin and plasma, and their studies confirmed the
existence of the pressure-independent gel-polarized region. Their data displayed
trends in system performance as predicted by film theory. However, quantitative
agreement was not good. Thus, for example, the diffusion coefficient calculated
from their albumin data will be about 10.0 x 10-7 cm2 /sec which is much higher than
the value of 6.0 to 7.0 x 10- 7 cm2/sec reported in the literature [Shen (1977),
Phillies, et al. (1976), Keller, et al. (1971), Doherty and Benedek (1974)].
Goldsmith (1971) performed experiments using Dextran and Carbowax solutions.
His work pointed out the importance of considering the osmotic pressure effect at
the membrane surface. Data were analyzed by solving two simultaneous equations, one
derived from the film theory,




Both parallel plate and stirred cell systems were studied in laminar and turbulent
flow. Since only partially developed flow was attained in the test unit, the mass
transfer coefficient expression of
was used. Because of the fact that reported data were mainly in the pregel region,
where cw is not constant, and the membranes used were very permeable to solute mole-
cules, Goldsmith's data are not relevant to the present work.
Kozinski and Lightfoot (1972) developed a theoretical model for predicting
permeate flux through a rotating disk taking into consideration concentration depen-
dent diffusivity and viscosity. Experimental data agreed reasonably well with
theory, although some hysteresis in permeate flux measurements was found. This
phenomenon was attributed to solute polymerization in the concentration layer
adjacent to the membrane surface. They extended their model to parallel plate
systems and considered Blatt's thin channel ultrafiltration data for serum albumin.
The limitations of Blatt, et al. data were pointed out by Kozinski and Lightfoot.
Mitra and Lundblad (1978) published data taken in a parallel plate system with
immune serum globulin and human serum albumin. They attempted to correlate data
using a film theory model in the following form
where Al and B1 are constants. Consistent agreement was found for the value of B1 ,
but the value of Al was variable with a 21% standard deviation.
Shen and Probstein (1977) reported a theoretical treatment of the parallel plate
system. Their model, like Kozinski and Lightfoot's, considered both concentration-
dependent viscosity and diffusivity. Considering the general mass equation, Shen
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and Probstein utilized a Leveque combination of variables technique. Resulting
ordinary differential equations were solved numerically to calculate flux rates.
Through comparison of calculated values, they state that the variable fluid property
numerical solution can be approximated by a modified film theory. The modification
simply amounts to replacing the value of the diffusion coefficient evaluated at cg
by one evaluated at cg.
Shen and Probstein applied their modified film theory model to Blatt's serum
albumin data. Data values were extrapolated into the gel-polarized region
(extrapolated to limiting values) and were checked by us to be correct. Similar
extrapolated values were obtained by Kozinski and Lighfoot. According to Blatt
(1978), their thin-channel cell consisted of a parallel array of four 1/4-inch wide,
10-mil deep, 16-inch long channels. Unfortunately, this system design has been
misinterpreted by Shen and Probstein as well as by Kozinski and Lightfoot (1972).
These investigators appear to use the value of the recirculation rate for the bulk
channel velocity (<u>). Realistic values of <u> should be 1/4 of the recirculation
rate, since the initial flow is divided equally between four separate channels.
Although the widely used film theory model yields qualitative results in general
agreement with experimental observation, quantitative permeate flux predictions
leave room for improvement. The objective of this paper is to develop a reliable
closed form relationship for the limiting flux due to gel polarization from a more
exact analysis than film theory.
THEORETICAL DEVELOPMENT
The general mass balance equation of
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may be transformed to an ordinary differential equation by a method described by
Shen and Probstein (1977). This method is analogous to the Leveque solution for
laminar flow. Assuming constant fluid viscosity, the following mathematical devel-
opment pertains to a parallel plate system where x is measured longitudinally along
the membrane surface and y is measured transverse to the membrane surface. Consis-
tent with a thin mass transfer boundary layer as compared with the channel half width,
characteristic of a high Schmidt number systems, a linear axial velocity may also be
assumed. The respective velocity components are written as
3<u>
u = axial velocity = h y (9a)
v = transverse velocity = -| vw (9b)
where vw is the limiting (or pressure-independent) permeate flux at the membrane
surface. Boundary conditions are identical to those previously mentioned for the
film theory model applied to the gel-polarized region with the exception that y is
taken to infinity as the upper limit, namely




where a = 3<u>/h, and Vw = positive permeate constant. The resulting equation
may be expressed
where the transformed boundary conditions are
and,
Upon integration the following equation results
If one makes the simplification of constant diffusion coefficient, Eq. (15)
becomes
Equation (15) is identical to the relationship derived by Shen and Probstein
(1977). Equation (16) may be approximated by an infinite series solution for small
values of Vw. The series solution may be expressed in terms of the gamma function
where b = 3Vw3
-117-
The first 6 terms of Eq. (17) are:
For large values of Vw, Eq. (16) may be approximated by carrying out appropriate
integration by parts:
For Eq. (15) through (19), values of Vw are typically within the range of 0 to
10 with Vw varying directly with Fg. A graphical comparison of the approximate
equations with regard to the numerical solution of Eq. (16) are shown in Fig. 2 and
3. Equations (18) and (19) are plotted under the titles approximation (1) and
integration by parts, respectively. As shown in Fig. 2 and 3, Eq. (18) is reason-
able for Fg less than 4 while Eq. (19) is accurate for Fg greater than about 70.
In lieu of the limited applicability of the approximate solutions, an integral
method was applied to the mass balance equation
where the boundary conditions are




Following Doshi, et al. (1971), a concentration profile of the form




Substituting the assumed concentration profile into Eq. (22) and completing the
integration yields
(25)
Using Eq. (24b) to eliminate vw l and rearranging gives
Integrating Eq. (26), noting that at x = 0, 6 = 0, gives
(26)
(27)





Transforming to dimensionless variables, using Eq. (11-b, 12b, and 12c) one
obtains
It bears mentioning at this point that Probstein, Shen, and Leung (1978) apply
an integral method to the general mass balance equation. Their resulting equation
for limiting wall flux is expressed as
or, expressed in terms of Vw
It is apparent that their limiting flux equation is identical to Eq. (28b) for
the case n = 2, K = 2/3.
In this analysis it was assumed that constant n was some function of Fg. The
integral method was applied again to ascertain the form of this function.
Multiplying Eq. (20) throughout by y
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and integrating with respect to y from y = 0 to y = 6 yields
(31)
Substituting the concentration profile of Eq. (23) and assuming linear con-
centration dependency of diffusion coefficient, gives
Combining Eq. (32) with Eq. (24b) and (26), one gets
where
(33a)
Converting to dimensionless variables and rearranging Eq. (33)
For values of B < 1 + 2/Fg, Eq. (34) may be converted to a more usable form:






For the case of constant diffusion coefficient, Dg = 1, A = 0, and B = 1, Eq.
(35a) simplifies to:
Comparison of the integral method with variable n and constant diffusion coef-
ficient is made with the numerical solution of Eq. (16) in Table I. Agreement be-
tween calculated values is excellent with less than 1% error.
TABLE I
COMPARISON OF INTEGRAL METHOD WITH VARIABLE
n WITH NUMERICAL SOLUTION OF EQ. (16)
Integral Numerical
Method, Integration,
Fg n K Vw Vw
116.0 60.86 1.91 6.00 5.99
58.0 31.74 1.824 4.65 4.64
29.0 17.05 1.691 3.53 3.53
19.3 12.05 1.584 2.96 3.00
14.5 9.53 1.496 2.60 2.60
11.6 7.98 1.421 2.33 2.32
9.7 6.95 1.358 2.12 2.11
8.3 6.17 1.300 1.94 1.94
2.32 2.53 0.803 0.700 0.694
Use of the variable n integral solution in calculating flux rates is favored
over the more tedious approximate solutions to Eq. (16) from the standpoint of
accuracy and wide-range of application.
The film theory model [Eq. (3) for constant wall concentration and constant wall
flux] along with the exact solution model are plotted in Fig. 4. All solutions are
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for constant fluid properties. The range of Vw values is from 0 to 7. This range
is believed to encompass most probable operating conditions. Results indicate that
the film theory model agrees with the exact solution for Fg < 4 when the constant
wall concentration boundary condition is used. It is also shown that for the higher
values of Fg, that is, for lower feed concentration, the exact solution model con-
sistently predicts higher permeate flux rates than do either of the film theory
models. The Probstein, et al. (1978) integral method relationship expressed by Eq.
(29b) is also plotted as a dashed line in Fig. 4. Although predictive differences
exist between our exact model and the Probstein, et al. model, the same upsloping
flux behavior is observed.
Even though in the gel-polarized region where the CWC boundary condition seems
reasonable, the CWF boundary condition gives better agreement, up to Fg = 12. It is
not clear why the CWF boundary condition gives better agreement than the CWC boun-
dary condition, which has been widely used. One may note that in the case of a
reverse osmosis system, which is somewhat analogous to the corresponding pregel
region in ultrafiltration, Gill, et al. (1965, 1971) have shown that the CWF boun-
dary condition is more realistic.
The effect of concentration dependent diffusion coefficient is shown in Fig. 5.







Variable Diffusion Intregral Method:
dependent diffusivity.
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APPLICATION OF THEORY TO EXPERIMENTAL DATA
The availability of reliable data in the area of macromolecular ultrafiltration
is rather limited. A characteristic problem encountered when comparing experimental
flux rates with theory is the lack of a reliable value of the solute "gel" concentra-
tion and the concentration dependent diffusion coefficient. The measurement of the
diffusion coefficient of bovine serum albumin has been reported by Keller, et al.
(1971), Phillies, et al. (1976), Doherty and Benedek (1974). Unfortunately, results
are often contradictory.
If one accepts the functional form of the film theory model, it is possible to
extrapolate the value of cg from ultrafiltration experiments. By measuring limiting
flux rates at several values of cB, the results are plotted semilogarithmically, and
a straight line is drawn through the data points. This line is extended to the
point of zero flux where the corresponding value of cB is taken to equal cg. In
light of the developed integral solution, the potential error is apparent. By using
experimental flux rates at low values of cB, which is common in the literature, it
is possible that an erroneous prediction of Cg may result. Probstein, et al. (1979)
hint at this possibility in the form of a note [Ref. (19) of their paper] added at
the end. Since the integral method solution may be approximated by the film theory
model at values of Fg < 4, it is feasible to use the semilogrithmic, straight line
extrapolation of experimental flux rates at high values of cB in cases where cg is
approximately known. Whenever possible, it is recommended that an independent
method be used in the determination of Cg as done by Kozinski and Lightfoot (1972).
Although accurate ultrafiltration data for bovine serum albumin have been obtained by
Probstein, et al. (1979) in a parallel plate system, their data cover only a narrow
range of low concentration. More data over a wider range of concentration are
needed to test theoretical models.
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CONCLUSIONS
The agreement between the closed form integral method solution and the more
exact numerical solution, for the case of constant diffusion coefficient, is
excellent, deviations being less than 1 percent. However, the widely used film
theory underpredicts flux by 20 and 30 percent for Fg = 15 and 50, respectively,
where Fg is the ratio of the gel concentration to the feed concentration.
In the case of a concentration dependent diffusion coefficient, the integral
method is satisfactory. Film theory results still deviate from the exact solution
though not as much as in the case of a constant diffusion coefficient.
On the basis of film theory, the plot of permeate flux against feed concentra-
tion on a semilog graph should yield a straight line. This line, when extrapolated
to zero flux, gives the gel concentration. In view of the significant deviations
between film theory results and exact solution, such an extrapolation may not be
valid and may underpredict gel concentration. We recommend that either experimental
data should be taken over a wider range of feed concentration so that extrapolation




A Membrane pure water permeability constant [cm 3/dyne-s)], cm2 /dyne-sec
a 3<u>/h[(l/sec)], 1/sec
c Solute concentration, g solute/100 cc solutions
cT Solute concentration which corresponds to a developed osmotic pressure
equivalent to AP,-g solute/100 cc solution
D Diffusion coefficient, cm2/sec
d Hydraulic diameter of membrane channel, cm
D D(c)/DB
F c/cB
h Channel half-height, cm
k Mass transfer coefficient, cm/sec
1 Total length of membrane section, cm
P Total pressure at a point, dynes/cm2
Re Reynolds number = <u>d/v
Sc Schmidt number = v/D
u = Axial velocity, cm/sec
<u> Average axial velocity, cm/sec
v Transverse velocity, cm/sec
I Vw l Limiting permeate velocity at membrane surface, cm/sec
Vw Positive permeate constant
w Width of flow channel, cm
x Axial distance coordinate, cm
y Transverse distance coordinate, cm
GREEK LETTERS
6(x) Concentration (mass) boundary layer thickness, cm




AT Osmotic pressure difference across membrane, dynes/cm2
AP Total applied pressure difference across membrane, dynes/cm 2
u Kinematic viscosity, cm2 /sec
SUBSCRIPTS
g At the gelling condition
w At the membrane surface
B At the bulk condition
P At the permeate condition
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PRESSURE-INDEPENDENT ULTRAFILTRATION - IS IT GEL
LIMITED OR OSMOTIC PRESSURE LIMITED?
ABSTRACT
In macromolecular ultrafiltration, as pressure is increased, permeate flux first
increases and then in a large number of cases levels out and remains more or less
pressure independent. This could be due to the increase in solute concentration at
the membrane surface such that either gel formation occurs or the corresponding
osmotic pressure approaches the applied pressure. Limiting flux for the gel-
polarized case was recently analyzed for cross-flow and unstirred batch cell systems
by Trettin and Doshi (1980a,b). In this paper we have analyzed the osmotic
pressure limited ultrafiltration for the two systems. Our unstirred batch cell data
and the literature cross-flow data agree quite well with the theory. We have
further shown that an unstirred batch cell system can be used to determine whether
pressure-independent ultrafiltration of macromolecular solution is gel or osmotic
pressure limited. Other causes for the observed pressure independence may be present
but are not considered in this paper.
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INTRODUCTION
Ultrafiltration involves the pressure-activated separation of chemical species
which have different permeability through a membrane. Solute retention is achieved
on the basis of steric exclusion, that is, a sieving-type of mechanism; solvent
passes through by pore flow. As an initially homogeneous solution is pressurized
over a selective membrane, solvent permeates through while rejected solute accumu-
lates in the vicinity of the membrane. The net result is a layer of solution
adjacent to the membrane surface of substantially greater solute concentration than
that of the bulk solution. This phenomenon of concentration polarizationalways
operates to reduce the solvent permeation rate, which may become pressure indepen-
dent in some cases.
In the ultrafiltration of macromolecular solutions, a large number of investiga-
tors have observed that as pressure is increased, permeate flux first increases and
then remains more or less pressure independent. Blatt, et al. (1970), among others,
argued that one of the reasons for the observed pressure independence could be the
formation of a gel layer on the membrane surface. The permeate rate in this case
may be expressed as:
where Rm and Rg are the hydraulic resistances of the membrane and gel layer, respec-
tively, AP and Ai represent the applied pressure and osmotic back pressure, and i is
the permeate viscosity. In the case of pressure independent ultrafiltration of
macromolecular solutions, if the applied pressure is much greater than the osmotic
pressure difference across the membrane, and since the gel resistance is generally
substantially greater than that of a membrane, Eq. (1) can be simplified to:
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Any increase in pressure after the occurrence of gel formation merely increases gel
thickness and, hence, Rg so that the permeate flux-remains essentially independent
of pressure.
There could be other possibilities for the observed pressure independence. We
know that, in the absence of gel formation, increase in the applied pressure results
in the increase in solute concentration at the membrane surface. If osmotic
pressure is quite sensitive to the changes in solute concentration, it is possible
that an increase in AP gives rise to proportional increase in Ar so that the net
driving for.ce, (AP - AT) remains virtually constant. From Eq. (1), then, the per-
meate rate in the absence of gel formation (Rg = 0) can be pressure independent due
to osmotic pressure limitation. Other phenomena, for-example, solute-membrane
interactions may give rise to pressure-independent permeate rate.
Gel-polarized ultrafiltration was recently analyzed for cross-flow and unstirred
batch cell systems by Trettin and Doshi (1980 a,b). We have shown in these papers
that the widely used film theory does not predict the limiting flux accurately. The
objective of this paper is to derive an expression for the permeate flux when the
pressure independent ultrafiltration of macromolecular solutions is osmotic pressure
limited. We will also attempt to distinguish between gel and osmotic pressure
limited ultrafiltration of macromolecular solutions.
The effect of osmotic pressure in macromolecular ultrafiltration has not been
analyzed in detail, although many similarities between this process and reverse
osmosis may be drawn. An excellent review of reverse osmosis research has been
given by Gill et al. (1971). It is generally found, however, that the simple linear
osmotic pressure-concentration relationship used in reverse osmosis studies cannot be
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applied to ultrafiltration, where the concentration dependency of macromolecular
solutions is more complex. It is also reasonable to assume that variable viscosity
effects may be more pronounced in macromolecular ultrafiltration as opposed to X
reverse osmosis. - Similarly, because of the relatively low diffusivity of macro-
molecules compared with typical reverse osmosis solutes (by a factor of 100), con-
centration polarization effects are more severe in ultrafiltration.
An early work considering osmotic pressure in the ultrafiltration of macro-
molecular solutions was done by Blatt, et al., (1970), who employed a theory which
had been developed for cross-flow reverse osmosis systems. They essentially
suggested that the film theory relationship given by Eq. (2) could be solved
simultaneously with Eq. (1) to predict permeate rates, where the value of k was
determined from a Leveque-type solution of the convective diffusion equation
neglecting transverse velocity.
Presented data were not analyzed in terms of this model, however, because it was
felt that macromolecular solutions generally had very low osmotic pressures.
Goldsmith (1971) pointed out that developed osmotic pressures for macromolecular
solutions were not necessarily negligible. The ultrafiltration of Carbowax 20M
(polyethylene oxide) and various Dextrans was studied in thin channel and tube flow
as well as stirred batch cell. Both turbulent and laminar flow regimes were con-
sidered. Data were analyzed with the use of Eq. (2) and the phenomenological rela-
tionship of Eq. (1) with Rg = 0. From Eq. (1) it was possible to calculate an
average value of An where Rm, the membrane resistance, AP, and experimental flux-
I vw were known. The average value of cw could be extracted from a known osmotic
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pressure relationship, and an experimental value of k could finally be found from
Eq. (2). Experimental values of k were compared to theoretical values to estimate
the molecular diffusion coefficient. The difference between the experimental and
the literature values of the diffusion coefficient was attributed to the concentra-
tion dependency of viscosity and diffusion coefficient.
Kozinski and Lightfoot (1972) modeled the ultrafiltration of bovine serum
albumin (BSA) through a rotating disk. Concentration dependent viscosity and dif-
fusivity were assumed, and the one-dimensional convective diffusion equation, which
was coupled to the appropriate Navier-Stokes equation, was solved numerically.
Osmotic pressure data of Scatchard et al. (1944) were used. Numerical prediction of
flux agreed very well with experimental results for the rotating disk. Their model
was extended to other flow geometries, such as tubular and thin channel, where
average values of viscosity and diffusivity were used. The convective diffusion
equation in this case was solved through similarity transformation. The published
data of Blatt, et al., (1970) were analyzed in terms of the developed model, but
agreement was not good.
Mitra and Lundblad (1978) studied the thin channel ultrafiltration of immune
serum globulin (ISG) and human serum albumin (HSA). Data were interpreted using the
film theory relationship of:
where multiple regression techniques were employed to solve for the value of the
constants A, B, and cw. The value of cw was assumed to equal the corresponding con-
centration at which the developed osmotic pressure approximately equalled the
applied system pressure. Agreement of data with the general model was not good, the
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calculated value of A exhibiting a 21% standard deviation. Large axial pressure
drops along the thin channel at the higher velocities studied may be a partial
explanation of the discrepancy.
Leung and Probstein (1979) studied the ultrafiltration of macromolecular solu-
tions in steady state, laminar channel flow. The convective diffusion equation was
solved by an integral method. A parabolic concentration profile was assumed. The
osmotic pressure relationship of Vilker (1975) for 0.15M saline BSA solutions at pH
4.5, and a diffusivity relationship obtained by linearly interpolating the diffusion
coefficient value between the gel and dilute solution concentration limits were
used. The determination of this diffusivity relationship has been outlined in a
previous paper [Probstein, et al. (1979)]. The integral solution was checked in the
limiting case of a linear osmotic pressure-concentration relationship and constant
diffusivity with Brian's (1966) finite difference solution for reverse osmosis
systems. Thin channel ultrafiltration data were acquired by Leung and Probstein
using BSA in 0.10M acetate solution at pH 4.7.
A discrepancy emerges in the use of Vilker's osmotic pressure relationship,
however. In an earlier paper, Probstein, et al., (1979) determined the gelling
(solubility limit) concentration of BSA in O.1OM acetate solution (pH 4.7) to be 34
g/100 cc. We have determined the value to be approximately 38.5 g/100 cc [Trettin
and Doshi (1980b)]. It is clear from Fig. 5 that Vilker has determined osmotic
pressures for BSA in 0.15M saline solutions (pH 4.5) up to concentrations of 48
g/100 cc. This finding suggests the effect of buffer type is substantial in
influencing solute solubility limits and most probably solution osmotic pressure.
Therefore, it is hardly admissible to use Vilker's saline buffer osmotic pressure
data to interpret the thin channel ultrafiltration data of BSA in acetate buffer
without further confirmation of the effect of buffer type.
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The preceding review has shown that although many advances have been made in the
understanding of macromolecular ultrafiltration, some very fundamental questions
still remain unanswered. For instance, the establishment of when an ultrafiltration
process is osmotic pressure limited or gel limited needs to be more clearly defined.
In macromolecular ultrafiltration solution, osmotic pressure is often a strong func-
tion of moderate-to-high solute concentration (cw) due to the increased importance
of the second and third order virial terms in the Flory equation [Brandup and
Immergut (1967), Billmeyer (1971)]. In this event, the ultrafiltration flux may be
limited by the osmotic pressure and/or by the formation of a gel layer depending on
the nature of the solute and operating conditions. The determination of a flux-
limiting cause is the primary concern of this paper.
THEORETICAL DEVELOPMENT
Consider the unstirred batch cell
solute mass balance equation of
geometry shown in Fig. 1 where the general
applies. It is implicitly assumed in
density and diffusion coefficient are
the derivation of Eq. (4) that the solution
independent of solute concentration.
where
Figure 1. Batch cell geometry.
(4)
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The appropriate boundary and initial conditions are:
The phenomenological equation of permeate velocity is
If osmotic pressure is related to solute concentration by a cubic equation:
Our objective is to derive an expression for the permeate velocity when ultra-
filtration is osmotic pressure limited. We, therefore, introduce equivalent wall
concentration, cwa, for which the osmotic pressure is equal to the applied pressure.
In the asymptotic case, as Ai approaches AP, the permeate velocity will approach
zero, Eq. (9), and from Eq. (11) we have:
(13)
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Equation (13) is then the defining equation for Cwa. We will use cwa as a charac-
teristic concentration in making local concentration dimensionless. Time, distance,
and velocity are expressed in dimensionless forms by a proper combination of a
characteristic velocity AAP and diffusion coefficient, D:
Eq. (4) may be transformed to
where the boundary conditions of Eq. (5)-(8) become
and Eq. (9) may be rewritten as
Introducing the similarity coordinate
Equations (15)-(18) become [0(T,x) => 0(T,x)]
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The similarity transformation, Eq. (20), used here is generally applied to
obtain small time solution. However, in the case of gel polarized ultrafiltration,
Trettin and Doshi (1980b) have used such similarity transformation to obtain an
expression for the limiting permeate velocity. We have, therefore, used similarity
transformation to evaluate osmotic pressure limited permeate velocity. In the case
of gel polarized ultrafiltration, cw = cg = constant and consequently, Eq. (21) to
(23) can be solved by considering 0 as a function of x only and by setting w T0.5 as
a constant. However, in the osmotic pressure limiting case considered here, cw is a
function of time. We can solve Eq. (21) to (23) in the form of a power series in
Substituting for ew in Eq. (19) and rearranging yields:
where
The value of B2 remains to be determined.
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Substituting for e and w/T in Eq. (21) and considering terms of coefficient TO
only gives
(29)




Equation (29) may be integrated to yield
Considering the wall boundary condition of Eq. (30), Eq. (35) becomes
(36)








The solution for fl is:
r
exp - exp(-r2)
where r = x +
lim fl = 0, (41)
Evaluating the first derivative of Eq. (40) at x = 0 gives
(42)
The wall boundary condition of Eq. (38) may be equated to Eq. (42) to yield a rela-
tionship for the value of 82, namely
where
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Substituting for B2 in Eq. (27), neglecting terms smaller than T- 1/2 yields
The dimensionless permeate velocity will be proportional to T- 1/2 when
Equation (45) is written in dimensional form as
If the criterion suggested in Eq. (46) is met, solute concentration at the
membrane surface will be approximately equal to the asymptotic value, cwa. The
solute concentration distribution can be described by a single independent variable,
x. The problem then becomes analogous to the gel polarized ultrafiltration case
solved in Trettin and Doshi (1980b). In this same paper, an integral method solu-
tion is also derived. A plot of calculated values of Vw vs. eo which satisfy Eq.
(36) is given in Fig. 2 for various values of R. An unpublished work of Vilker
(1975) has recently come to our attention where a similar concept is presented.
An analogous treatment to the unstirred batch cell may be performed for the thin
channel system where




A diagram of the thin-channel system is shown in Fig. 3.
Figure 3. Thin-channel cross flow system.
Transforming Eq. (47) to dimensionless form, we find









The boundary conditions of Eq. (48)-(51) become
Equation (19) remains unchanged except that Ow is now a function of X instead of T.
Introducing the similarity coordinate, analogous to the unstirred batch cell
The corresponding gel polarized ultrafiltration problem, where cw = cg =
constant, is solved by Trettin and Doshi (1980a) by considering e as a function of n
only. In the osmotic pressure limited case, as we have done for the unstirred batch
cell, we expand 0 in the following form:
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Substituting for 0 and w X1/ 3 in Eq. (59) and considering terms of coefficient
where the boundary conditions of Eq. (60)-(62) become
Equation (67) may be integrated using the boundary conditions of Eq. (69)-(70) to
yield
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Considering the wall boundary condition of Eq. (68), Eq.' (71) becomes
Without considering coefficients of A-1 /3, we may develop an approximate rela-
tionship defining the parameters which influence the rate at which an asymptotic
wall concentration is reached. From Eq. (64)
From Eq. (76) it can be seen that the membrane pure solvent flux (A AP) has a
large effect in determining the required channel length to reach an asymptotic wall
concentration (cw cwa). Since = 3<u>h it may be seen that hydrodynamic shear
at the membrane surface is also an important factor and Eq. (76) becomes:
When the criterion of Eq. (46) for the unstirred batch cell, or Eq. (77) for the
cross-flow parallel plate system, is satisfied, it is possible to make the
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simplifying assumption of constant wall concentration (cw = cwa). Consequently, Eq.
(36) becomes
for the unstirred batch cell and Eq. (73) becomes
1/3
for the cross-flow parallel plate systems.
An integral method solution of Eq. (78) has been derived by Trettin and Doshi
(1980b) and may be represented as
where





Similarly, the solution of Eq. (80) for the parallel plate system has been









2/(n2 + 1) (n2 + 2) (86)
and
In both integral method solutions the value of D and solution density are
assumed constant. Additionally, as shown in Trettin and Doshi (1980a,b), both
integral method solutions agree very well with their corresponding exact solutions.
Note that if one wants to calculate Vw or Ww, integral method results, Eq. (82)-(87)
are convenient, whereas for the calculation of the asymptotic wall concentration,
cwa, exact solution, Eq. (78)-(81) are convenient.
In unstirred batch cell ultrafiltration, the value of| vwl is typically very
small and therefore difficult to measure instantaneously. It is possible, however,
to accurately measure eluted permeate volume (AV) as a function of time. Therefore,
upon integration, Eq. (79) becomes
AV = 2At Vw (D/4)1/2 T1/2 (88)
where
At = the transport surface area of membrane
T = time of permeate collection
T
AV = f At vwl dt = eluted permeate volume in time T
0
When accumulated permeate volume is measured at three consecutive times (T1 , T2 ,
T3), it is possible to write
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If sample times are selected such that T2 = 2T1, T3 = 4T1, an accuracy of data may be
checked:
In all batch cell experiments, data acceptability limits were established as + 3% of
the 0.4142 value. Acquired data which were not within these limits were deleted.
As outlined in Trettin and Doshi (1980b), a correction must be made to the
experimentally measured value of AV to adjust for the permeate collected during the
initial period of filtration when cw < cwa or cg. Although the duration of this
region is small, it occurs at a time when permeate flux is greatest and is therefore
necessary to correct for. Experimentally collected permeate may be adjusted as
follows
Subtituting for AV in Eq. (88) and rearranging yields
or
By plotting 1/2 vs. l/Tl/2 and extrapolating to infinite time (T), we can minimize
the effects of the initial region where cw is not constant and determine the true
value of AV/T1 / 2 [or (AV/Tl/2)lim] as predicted by Eq. (88).
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It is important to digress momentarily to discuss in further detail the
interpretation of the VeP vs. I/TI/2 plot. Since both models presented in Trettin
TL/2
and Doshi (1980a,b) were derived explicitly for the constant wall concentration
boundary condition, and in particular for gel polarization, the question arises as
to the difference between gel polarized behavior and constant wall concentration
(osmotic pressure equivalent) behavior. The major similarity between the two pro-
cesses of gel polarized and osmotic pressure equivalent ultrafiltration is that the
solute concentration at the membrane surface is constant with respect to time, as in
the unstirred batch cell case, or axial position, as in the cross-flow case.
AVexp 1/ 2
Therefore, a plot a vs. /T2 will be linear in the unstirred batch cell
case. The major difference between the two processes is that in gel polarized
ultrafiltration, not only is the wall concentration constant, but it is also indepen-
dent of applied pressure. This is not true of osmotic pressure equivalent ultra-
AVexp
filtration, where wall concentration is pressure dependent. Therefore, in a
vs. 1/Tl/2 plot, gel polarization is indicated by an intersection of variable AP
lines (at constant co) at the same value of -e . A process which is
osmotic pressure limited will intersect at a different value of -p for each applied
pressure tested. As can be seen, the unstirred batch cell technique represents a
unique method for characterizing macromolecular solutions as to the pressure range
in which gel polarization occurs. One must- be cautious in using the batch cell
technique, however, to select AP increments which are large enough to cause a
discernible change in the value of cwa. This is particularly true in cases where
solution osmotic pressure is a strong function of concentration.
With the ultrafiltration of macromolecular solutions in cross-flow systems such
as thin channel or tubular systems, it is usually the procedure to measure average




Bovine serum albumin (BSA) (Sigma Chemicals - Cohn fraction V) was selected as a
solute material to be studied in batch cell ultrafiltration. The justification of
this choice was based on the fact that BSA has been used by previous investigators;
their work would offer a source of comparison to our results [Blatt, et al. (1970),
Kozinski and Lightfoot (1972), Shen and Probstein (1977, 1979), Probstein et al.
(1978, 1979), Goldsmith (1971), and Mitra and Lundblad (1978)]. Solutions of BSA
discussed in this paper were prepared in aqueous 0.15M NaCl and adjusted to pH 7.4.
Sodium azide of 200 ppm concentration was added as a preservative, and final solu-
tions were filtered through a 0.8 pm Millipore filter to remove undissolved solute.
All solutions were refrigerated at 10°C prior to use, and solutions which had aged
more than 2 weeks, or showed appreciable sedimentation, were discarded. Solute con-
centration was determined by ultraviolet light absorption with a spectrophotometer
at the absorption peak of 280 nm.
Ultracentrifuge experiments were performed in our laboratory with BSA solutions,
using the optical procedure of Longsworth (1952) and Creeth (1955) as outlined by
Tostevin (1966). A limitation of this method is that only low solute concentrations
may be studied due to refraction fringe merging at higher concentrations (> 0.01 g/cc).
The literature contains numerous experimental determinations of the mutual dif-
fusion coefficient of BSA in various buffer solutions [Creeth (1952), Phillies, et
al. (1976)]. The range of the reported diffusion coefficient at low concentration
is D = 5.5 - 7.0 x 10- 7 cm2/sec. However, values at higher concentrations show con-
siderable scatter as pointed out by Shen and Probstein (1977). Phillies, et al.
(1976) have studied BSA solution diffusivity in 0.15M NaCl aqueous systems over the
pH range of 4.3-7.6. Their data taken within the higher pH and concentration
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ranges have been interpreted by Probstein, et al. (1979) to yield an average value
of 6.7 x 10-7 cm2 /sec. Both Creeth (1952) and Charlwood (1953) have reported the
diffusivity of dilute BSA solutions to be within the range of 6.6 x 10-7 cm2 /sec to
7.1 x 10-7 cm2 /sec at 25°C. Their data also show that the effects of pH and buffer
type upon the diffusion coefficient are negligible. The value of the diffusion
coefficient for 0.15M NaCl BSA solution (pH 7.4) was determined to be 6.91 x 10- 7
cm2/sec from our ultracentrifuge experiments at 23.5°C. It has been shown by
Trettin and Doshi (1980b) that this value is reasonably constant over a wide range
of concentration in the ultrafiltration of saline BSA solutions.
Batch cell experiments were performed in stainless steel pressure cells manufac-
tured by the Gelman Filter Company. The average membrane area equalled 15.62 cm2 ,
and the total cell volume was approximately 230 cm3 . The batch cells were affixed
to a support integral with the building structure to prevent extraneous vibration.
The room temperature was controlled within the range of 21-24°C. Total permeate
volume was gravimetrically measured as a function of time for periods as long as 24
hours. Cell pressure was varied from 2.76 x 105 - 17.24 x 105N/m 2 (40 to 250 psi).
The majority of experiments were done using cellulose acetate membranes (5,000 -
10,000 MW cutoff) supplied by UOP- Fluid Systems. Several experiments were addi-
tionally conducted using noncellulosic (X-117) and polysulfone membranes also from
UOP. Both noncellulosic membranes performed as well as the cellulose acetate
membrane, yielding solute rejections greater than 95%.
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RESULTS AND DISCUSSION
In Trettin and Doshi (1980b), a plot of 0.15M saline BSA solution data (pH 7.4)
was presented showing that above 6.89 x 105N/m 2 applied pressure, a gel layer may
have formed upon the membrane surface. This graph has been reproduced in Fig. 4 of
this paper with additional data taken at 2.76 x 105N/m 2 and 4.14 x 105 N/m 2 . At cell
pressures of 6.89 x 105N/m 2 or greater, the presence of gel polarization (pressure
AVexp
independence) is indicated by the intersection of 1P vs. l/T1/2 plots as T +
T1/2 -
for two different pressures at constant bulk solution concentration. When the data
at lower pressures are examined, they do not intersect at the same value of
as the higher pressure data. It is interesting to note, however, that the lower
pressure data plots are linear, indicating constant wall concentration. The wall
concentration in this case corresponds approximately to the osmotic pressure equiva-
lent (cwa) of the applied pressure.
Osmotic pressure limited ultrafiltration data were analyzed by using Eq. (92)
and the osmotic pressure data of Vilker (1975) for 0.15M Saline BSA solutions at pH
7.4. Vilker's data are reproduced in Fig. 5 for BSA in both 7.4 and 4.5 pH 0.15M
saline solution. The comparison between theory and experiment is quite good as
shown in Table I where the value of D was taken as 6.91 x 10- 7 cm2 /sec.
In order to add insight into the time required to reach an asymptotic wall con-
centration in the batch cell, we can calculate the value of t from Eq. (46).







where iT = [N/m 2], c = [g/100 cc] is used to calculate B11 . Selecting the first
data point in Table I, we find eo = 2.55 x 10-2, and from Fig. 2, Vw = 5.55. The
calculated value ofI 11 is found to equal 4.20, and A = 5.0 x 10
-9 m-m is
specified. Therefore,
t >> 0.264 second (98)
which is indeed a very short time period to reach the asymptotic wall concentration
at the membrane surface. Vilker's pH 7.4 data were linearly extrapolated to higher
pressures where we have experienced gel polarization. At 6.89 x 10
5 N/m 2 , the extra-
polation indicates a value of cwa equal to 54 g/100 cc. This is in reasonable agree-
ment with our, and Kozinski and Lightfoot's (1972), determination of 58.5 g/100 cc
(gel concentration) considering the accuracy of the extrapolated value and the rela-
tive insensitivity of the model to small changes in cwa.
0.15M SALINE BSA
TABLE I
SOLUTION (pH 7.4) DATA-BATCH CELL
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The cross-flow, thin channel data of Probstein, et al., (1978) and Mitra and
Lundblad (1978) were analyzed in terms of the osmotic pressure equivalent model
using Vilker's osmotic pressure data for 0.15M Saline BSA solutions (pH 7.4).
Although Mitra and Lundblad did not study BSA directly but rather human serum
albumin (HSA), it was felt that sufficient similarity existed between the two solutes
that an approximate comparison using BSA parameters could be made [Scatchard, et al.
(1944)]. Data were interpreted theoretically using the relationship of Eq. (94).
In the analysis of Probstein, et al. data, the cited values of h = 0.19 cm (channel
half width) and L = 43 cm (channel length) were used. Similarly, in the analysis of
Mitra and Lundblad's 0.15M Saline HSA solution (pH 6.9) data, the cited values of
h = 0.019 cm and L = 76 cm were used. The value of D was taken to be 6.91 x 10-7
cm2/sec in all calculations, and solute rejection at the membrane surface was
assumed to be complete. The interpretation of Probstein, et al. and Mitra and
Lundblad's data are shown in Tables II and III, respectively. The data of Mitra and
Lundblad which were acquired at axial velocities above 65.56 cm/sec were not con-
sidered, due to high pressure drops along the thin channel length.
It is interesting to note in Table II that, although theoretical prediction of
flux agrees well with experimental values at applied pressures above 1.0 x 105 N/m 2 ,
at lower pressures experimental flux is substantially overpredicted by theory.
This observation may be explained in terms of the approximate relationship of
Yw
At low pressures and high axial velocities, the ratio of 3 is large, and there-
fore longer axial distances are required to reach an asymptotic wall concentration..
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TABLE II
THIN CHANNEL UF OF 0.15M SALINE BSA SOLUTIONS




















































































































































When these initial distances, where cw < cwa are appreciable, the osmotic pressure
equivalent model does not-apply and the-integral method or numerical technique
employed by Leung and Probstein (1979) may have to be used. It is shown by the
0.689 x 105N/m2 data in Table II that progressively better agreement with theory is
obtained as shear rate is decreased. This observation is consistent-with Eq. (77).
TABLE III
THIN CHANNEL UF OF 0.15M SALINE HSA SOLUTIONS (pH 6.9)-MITRA AND


































































In Table III, experimental flux is consistently overpredicted theoretically by
approximately 5%. This discrepancy may be due to the use of BSA solution parameters

















Previous workers [Shen and Probstein (1977, 1979), Probstein, et al. (1978,
1979)] have interpreted gel polarization of BSA solutions to occur between 2.76 x
105 and 4.14 x 105N/m2 applied system pressure based upon flux vs. pressure plots.
Our batch cell work has shown that gel polarization of saline BSA solutions does not
occur at pressures below 6.89 x 105N/m2 . This apparent discrepancy may be resolved
in the following manner. In Fig. 6, we plot the value of Ww, which is directly pro-
portional to flux, vs. AP, the applied pressure. The value of Ww is calculated from
Eq. (94) for the thin-channel system using the appropriate value of cwa at each
specific applied pressure. The value of cwa is determined from Vilker's saline BSA
d Ww
solution data (pH 7.4). In Fig. 6 it can be seen that at low AP, the value of
is large and sharply decreases to a small value at values of AP above 3.0 x 105N/m2 .
This behavior is characteristic of actual experimental plots. In fact, the dif-
ference in predicted Ww between AP values of 2.76 x 105 and 4.14 x 105N/m2 is only
5%. It is our contention that a plot of flux vs. AP does not necessarily indicate
the presence of gel polarization at the point where flux appears to become indepen-
dent of applied pressure. The small flux change behavior as a function of pressure
may be due solely to the solution osmotic pressure. The pressure range of 2.76-4.14
x 105N/m2 is too narrow to yield an accurate interpretation of gel polarization with
d Ww
an average error less than 5%. Table IV gives the calculated value of d as a
function of AP for various values of co. The experimentally observed behavior of
higher concentration solutions reaching a plateau region at smaller values of AP as
compared to low concentration solutions is explained by the fact that the value of
d Ww













































It is theoretically shown for the unstirred batch cell that, in limiting cases,
the assumption of constant wall (membrane) concentration with respect to time may
be made even in the absence of gel formation. Although the assumption of constant
wall concentration is similar in both gel and osmotic pressure limited ultrafiltra-
tion, it is important to recognize that in gel polarized ultrafiltration, wall
concentration is also pressure independent since it corresponds to the solute
solubility limit. This is not the case in osmotic pressure limited ultrafiltration,
where cw is approximately equal to the concentration at which the developed osmotic
pressure at the membrane surface equals the applied system pressure. Criteria are
presented - Eq. (46) for the unstirred batch cell and Eq. (77) for the parallel-
plate system - to establish the validity of the constant wall concentration (osmotic
pressure equivalent) assumption in osmotic pressure limited ultrafiltration.
When the assumption of constant wall concentration is justified, data for the un-
stirred batch cell and thin-channel systems may be interpreted using models presented
in Trettin and Doshi (1980a,b). Such an analysis is performed where agreement
is shown to be very good between theory and osmotic pressure limited ultrafiltration
experiments.
It is further shown that the current practice of plotting permeate flux vs. AP in
macromolecular cross-flow ultrafiltration may lead to serious misinterpretation of
gel polarization. It is therefore recommended that solutions be studied in the
unstirred batch cell prior to study in cross-flow systems in order to determine the
pressure at which gel polarization actually occurs. In previous work, pressure-
independent flux is assumed to be due to the presence of gel polarization even at
low pressures. Probably, the gel polarization is the exception rather than the rule
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in most industrial-type applications. Obviously, more care must be taken in solute
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A = membrane coefficient = -R N-sc
i Rm N-sec
AT = membrane transport surface area, cm2
B = constant as defined by Eq. (13),, cm
3/g
N-cm 3
bo = osmotic pressure constant as defined by Eq. (12), (--- )
m2-g
bl = osmotic pressure constant as defined by Eq. (12), [( * (cm )2
b2 = osmotic pressure constant as defined by Eq. (12), (i2 * ( ) )m- g
c = solute concentration, g/cm3 unless otherwise noted
D = solute diffusion coefficient, cm
2/sec
dh = hydraulic diameter, cm
h = channel half height, cm
I1, I2 = constants of integration
K1 = dimensionless constant defined by Eq. (83)
K2 = dimensionless constant defined by Eq. (86)
K = mass transfer coefficient, cm/sec
k = average mass transfer coefficient, cm/sec
L = channel length, cm
nl = dimensionless constant defined by Eq. (84)
n2 = dimensionless constant defined by Eq. (87)
Qp = S LI Vwl = average volumetric permeate rate, cm
3 /sec
Ww
r = x + 2-
f theoretical flux
Ra = ratio of experimental flux
<u> dhp
Re = Reynolds number =-
R = Solute rejection coefficient = 1- cp/cw
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= Schmidt number = p/Dp
= width of membrane, cm
kdn
= average Sherwood number =
D
= time, sec
= time period, sec
= axial velocity, cm/sec
= average axial velocity, cm/sec
= average permeate volumetric flux, cm/sec
= permeate volumetric flux, cm/sec
= dimensionless positive flux constant for batch cell [Eq. (79)]
= dimensionless positive permeate flux constant for thin channel
[Eq. (81)]
= dimensionless permeate flux defined by Eq. (14)
= axial distance coordinate, cm
= similarity coordinate defined by Eq. (20)
= transverse distance coordinate, cm
= dimensionless transverse distance defined by Eq. (14)
Greek Letters
al, a2 = osmotic pressure constants defined by Eq. (12)( -, - )
61 = constant defined by Eq. (28)
rl, r 2 = osmotic pressure virial coefficients
Yw = wall shear rate, 1/sec
6 = mass boundary layer thickness, cm
g = defined by Eq. (34)
rI = similarity coordinate for thin-channel system defined by Eq. (58)
















= dimensionless axial distance coordinate defined by Eq. (53)
N-sec
= solution viscosity -
m2
= solution osmotic pressue, N/m 2
= solution density, g/cm 3
= dimensionless time as defined by Eq. (14)
= dimensionless constant defined by Eq. (53)
= applied hydrostatic pressue, N/m 2
= total permeate volume, cm3
= Tw - Tp = solution osmotic pressure difference between wall con-
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The current state-of-the-art regarding the study of mass transfer in ultra-
filtration centers primarily around models derived from film theory principles.
Although the film theory model is simple to use, its predictive value is
questionable and has been characteristically overused in the interpretation of
macromolecular ultrafiltration data. Consequently, it would be desirable to compare
the film theory model with a more exact theory. Furthermore, it has been previously
unexplained why in the ultrafiltration of colloidal suspensions flux rates are so
severely underpredicted by the film theory. Although the concept of gel polarization
is reasonably well accepted, little work has been done in defining when an ultra-
filtration process is gel limited or osmotic pressure limited. It is toward the
resolution of these questions that this thesis has been directed.
It has been shown with the ultrafiltration of macromolecular solutions in an
unstirred batch cell that permeate flux may be accurately predicted by a more exact
theory and that comparison of the exact model and film theory indicates substan-
tial differences. When the two models are extended to the more practical cross-flow
system (parallel-plate), the same magnitude of difference is encountered.
Regarding the ultrafiltration of colloidal suspensions, a theoretical model has
been developed which, in limiting cases, explains the large difference between
colloidal and macromolecular flux behavior. It is found that in colloidal ultra-
filtration, solute diffusion is negligible and flux may be described in terms of
classical filtration principles where solute accumulation is important. Directly
opposite behavior is found in macromolecular ultrafiltration where flux is diffusion
limited. With the ultrafiltration of colloidal suspensions in cross-flow systems,
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it has been found that the initial stages of filtration are not influenced by the
cross-flow axial velocity. That is, the cross flow system behaves in a manner simi-
lar to the unstirred batch cell where permeate flux is proportioned to t1/2. Only
at high shear rates is axial velocity effective in improving flux or limiting tran-
sient cake growth .
In the study of pregel (low polarization) ultrafiltration, it has been shown
both theoretically and experimentally that it is possible to reach constant wall
concentration asymptotically under certain limiting conditions in the absence of gel
formation. Previously, this assumption was only made in the case of gel polarized
ultrafiltration. When the assumption of constant wall concentration is justified,
data may be accurately interpreted using the integral method solutions developed
herein for both the pregel and gel-polarized regions. Previous investigations have
assumed that the osmotic pressure of macromolecular solutions may be generally
neglected and that the formation of a gel layer upon the membrane surface occurs in
the majority of cases. Based upon the results presented in thisthesis, this
assumption may not be valid. Furthermore, the conventional use of flux versus
applied pressure plots to determine the presence of gel polarization in cross-flow
systems may be misinterpreted depending upon the solution osmotic pressure-
concentration relationship for the particular solute in question.
SUGGESTIONS FOR FUTURE RESEARCH
This research work in general assumed a negligible effect of such phenomena as
solute-membrane and solute-solute interactions. Judging by experimental agreement
with theory, this assumption appears reasonable although it has not been confirmed
independently. Future work of interest should be directed toward the study of
electrokinetic effects and solute adsorption upon the membrane surface, and in par-
ticular, around pores.
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Another area of interest emerges from the fact that we were not able to success-
fully study the ultrafiltration of macromolecular solutions in the test parallel-
plate unit. It is believed this was due primarily to the inability to effectively
eliminate rust and scale from the test loop. Although the residue did not give any
problem in the ultrafiltration of latex suspensions, the combination of rust and
polymer severely fouled the membrane to the point of completely blinding it over in
portions. It is believed that some type of metal ion complexing had occurred.
Obviously, a study of this type of fouling mechanism would be of great value in
improving permeate flux, particularly in industrial systems. Clearly, in future
work, more attention should be placed on studying the chemical solution properties
and better methods of characterizing solutions as to their potential for gelling at
typical ultrafiltration pressures.
Although many industries such as pharmaceutical, dairy, food, and paint have
been conducting pioneering work to implement ultrafiltration technology into their
particular processes, the pulp and paper industry has performed minimal study con-
cerning ultrafiltration. This is due in large part to the lack of immediate appli-
cations. However, in years to come when pollution regulations become more stringent
and as energy costs continue to escalate, the use of ultrafiltration as a viable
separation process will continue to become more attractive in the treatment of waste
streams. Also, it is important that as new markets become uncovered for the use of
pulping by-products, such as lignosulfonic acids, economic and efficient methods be
available to recover them. Ultrafiltration has the potential of playing a key role
in such development. Therefore, more effort should be given to the study of such
applications in the pulp and paper industry so that the technology is available when







The following solute materials were studied during the course of the research:
1. Bovine serum albumin - Cohn fraction V - obtained in granular form from
Sigma Chemicals.
2. Carbowax 20M (polyethylene oxide) - obtained in dry form from Union Carbide.
3. CMC - 12M8 (carboxymethylcellulose) - obtained in granular form from
Hercules Corporation.
4. PVA (polyvinyl alcohol) - obtained in granular form from Aldrich Chemical.
Approximate molecular weight = 80,000.
5. Dow DPP-722 (styrene butadiene latex) - obtained in 48% slurry from Dow
Chemical.
Solutions of bovine serum albumin (BSA) were prepared in 0.15M NaCl (7.4 pH) and
0.10M sodium acetate (4.7 pH) solution. Sodium azide of 200 ppm concentration was
added as a preservative, and final solutions were filtered through a 0.8 micron
Millipore filter to remove undissolved solute material. Solution concentrations
were determined by UV spectrophotometric techniques at 279 nm wavelength. Standard
BSA solutions were prepared in the appropriate solvent systems by first drying the
granular BSA in a vacuum oven at 70°C (35 inches H2 0 vacuum) for 48 hours. The
moisture content of the bulk BSA was found to be approximately 3% by weight.
Solutions were then prepared, and a calibration curve was derived which is given in
Fig. A-1. It should be noted that it is very important to reference the particular
solute concentration measurement against the appropriate solvent since both sodium
azide and sodium acetate absorb slightly at 279 nm. The calculated extinction
-18 3-
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coefficient, c, from Fig. A-1 equals 6.5105. This compares very favorably with the
value of E = 6.5 determined by Kozinski and Lightfoot (1972).
The determination of solute concentration in Carbowax 20M solutions was per-
formed in a similar manner at the adsorption peak of 279 nm. It was not possible to
effectively dry the solid Carbowax because of the low melting point (66°C).
Therefore, the standard solution solute concentration was determined by total carbon
analysis. All unknown solution concentration measurements were referenced against
the standard. In the calibration curve shown in Fig. A-2, it can be seen that
absorbance becomes nonlinear with concentration above 0.30 g/100 cc. In order to
avoid this nonlinearity, standard solutions were prepared around the approximate
concentration of 0.10 g/100 cc, and care was taken that the unknowns were suf-
ficiently diluted below the 0.30 g/100 cc maximum.
The determination of solution concentration involving CMC, PVA, and latex was
done gravimetrically by weighing out samples, evaporating to dryness, and
reweighing. The density of the solutions was assumed to equal 1.0 g/cc in all
cases. This is reasonable since the solutions studied were fairly dilute (< 10
g/100 cc normally), and the corresponding polymer and latex solutions at high con-
centration exhibit small variance from a density of 1.0 g/cc (Carbowax 20M - p =
1.05 g/cc at co = 30 g/100 cc, latex - p = 1.04 g/cc at co - 48 g/100 cc, and CMC -
p = 1.11 at co
= 30 g/100 cc) [Lepori and Mollica (1978), Hercules (1976), and
Heiser (1979)].
The pH of Carbowax 20M, CMC, and PVA solutions was adjusted to 7.5. Latex
suspensions were adjusted to 8.5 pH. All adjustments were made by the addition of





It was initially intended to use vapor pressure osmometry techniques to determine
solution osmotic pressure for the solute materials of CMC, Carbowax 20M, and PVA.
Preliminary experiments with CMC in a Hewlett-Packard Model 302B osmometer encoun-
tered numerous problems which could not be resolved. Difficulty was incurred in
attempting to calibrate the system with a NaC1 solution standard where results
deviated from previous calibrations by a considerable amount. It was further found
that a signal response could only be achieved above 60°C for the CMC solutions.
This type of signal dependence (a An) upon temperature is far greater than what is
predicted by classical osmotic pressure relationships. In lieu of these problems,
the use of vapor pressure osmometry was dropped from further consideration.
A modified membrane osmometry technique was developed which consisted of com-
pletely filling a batch cell with polymer solution of known concentration at a tem-
perature slightly above ( 1°C), the temperature of the immersion bath. The cell was
completely sealed with a pressure gage mounted at the top and then placed in the
bath of distilled water (at 18°C). The cell was periodically shaken to disrupt any
diffusional boundary layer and was allowed to remain in the bath until equilibrium
was reached (a 24 hours). At equilibrium, the gage pressure was recorded and the
batch cell solution concentration was measured. In all cases, the concentration had
changed negligibly (< 0.5%). Results using this technique were excellent for
Carbowax solutions. It was not possible to effectively study CMC and PVA solutions
in this manner because of high solution viscosity at the concentrations of interest
and the inability to disrupt the diffusional boundary layer within the cell. As a
consequence, exceedingly long times were required to reach equilibrium (weeks) which
deemed the method impractical.
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DIFFUSION COEFFICIENT DETERMINATION
The determination of solute diffusion coefficient by ultracentrifuge methods has
been discussed by numerous workers in the literature [Creeth (1955), Longsworth
(1955), Tostevin (1966), and Kindler (1971)], and therefore a comprehensive review
will not be given here. The format of this section will be to outline some of the
key points and limitations of the method, and to present data from experiments con-
ducted with BSA, CMC, PVA, and Carbowax 20M solutions.
Consider Fick's second law of diffusion for a rectangular cell where a perfect
concentration interface exists at t = 0 and where no transverse convection occurs.
The system is shown in Fig. A-3. The value of D is assumed concentration indepen-
dent.
Figure A-3. Rectangular diffusion cell.
where the boundary and initial conditions are:
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and for t > 0
Since symmetry exists for y < 0 and y > 0, that is, at t = tl, c = cl at y = yl and
- Y1, let us consider only the mass transfer for y > 0 side of the cell.
Introducing the similarity transformation for small time,
Eq. (1) may be written as
dc d2 c
where the boundary conditions become
Eq. (3) may be integrated to yield
Since in most ultracentrifuge experiments, Ca corresponds to the solute con-
centration of the solvent (Ca = 0), Eq. (6) may be further simplified to
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and
In order to use standard optical methods for diffusion measurements, an
expression is required relating the refractive index or the refractive index gra-
dient to the diffusion coefficient. If the refractive index, n, is a linear func-
tion of the solute concentration over the range encountered in the experiment, then
n = Rc (9)
and Eq. (7) and (8) becomes
The development so far has been in reference to a rectangular diffusion cell and
a homogeneous gravitational field. In order to extend the treatment to experiments
conducted in an ultracentrifuge, it is necessary to consider the sectorial shape of
the cell and the inhomogeneity of the gravitational field. This analysis has been
performed by Schumaker (1963), as outlined by Tostevin (1966), and shall not be
repeated here. Let it suffice to say that the ultracentrifuge system may be accu-
rately modeled by the simple rectangular cell if the following criteria are satisified.
1. The solute material is homogeneous.
2. The concentration dependence of the sedimentation coefficient is small.
3. The sedimentation coefficient itself is small.
4. The diffusion coefficient is not strongly concentration dependent.
5. The lowest rotor velocity necessary to maintain gravitational stability is
used.
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In order to interpret Rayleigh interferometer data, which identifies lines of
constant concentration (fringes), we make use of the property of similarity. That
is, any two concentration fringes located at different similarity coordinates (Z)
differ by only a scale factor. We define this scale factor as
(12)
where j = the number of the fringe corresponding to the concentration c
J = the total number of fringes in the boundary
Substituting into Eq. (7) yields
where z = y/(4Dt)l/2
In the interpretation of photographic fringe patterns, J is constant with
respect to time. Only the separation between fringes changes. This is shown in
Fig. A-4.
For each fringe on the right of the y = 0 line in Fig. A-4 a value of z may be
calculated from Eq. (13). Each value of z may then be divided into Xi, the actual
measured fringe distance from y = 0 to ji.
where G is the magnification factor for the instrument. This process may be





Figure A-4. Typical fringe pattern.
Because of uncertainties in the determination of the t = 0 point, a method of
correction is used to minimize this effect from Eq. (14)
Diti = D(ti + At) (16)
where Di = the calculated value of diffusion coefficient at ti
ti = the measured value of time
At = the time correction
D = the true value of the diffusion coefficient
Eq. (16) may be rewritten,




By plotting Di versus 1/ti and extrapolating to infinite ti (1/ti -> 0), the true
value of the diffusion coefficient may be determined.
In order to eliminate the problem of determining the y = 0 plane in photographs,
various schemes have been devised to pair fringes across the boundary layer. These
methods may be found in Longsworth (1955) and Creeth (1955).
In the interpretation of data collected in this work, a computer program (DIFCO)
was used which numerically evaluates the error function and analyzes the fringe pat-
terns to calculate the value of Di for each time increment. A copy of the program
is listed in Kindler (1971). Photographic plates of the fringe patterns for the
various solutes studied are stored in the Biochemical Laboratory under the title
A-400 Trettin. The remainder of this section contains tabulated data of the dif-
fusion coefficient measurements of dilute solutions of BSA, PVA, CMC, and Carbowax
20M. The diffusion data for BSA solutions were the only determinations used in the
analysis of ultrafiltration data due to the wide polydispersity of the other solutes
and the consequent unapplicability of the ultracentrifuge technique.
TABLE A-1
0.15M SALINE BSA SOLUTION (7.40 pH, co < 1 g/cc). T = 23.5°C
1/t i x 103 Di x 107







1.19 8.50 D = 6.91 x 10- 7 cm2 /sec






























D = 6.79 x 10- 7 cm2/sec
At = 195 seconds
TABLE A-3

















D = 5.33 x 10-6 cm2 /sec
At = 59 seconds
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TABLE A-4

































1 g/cc). T = 19°C
J
14
D = 4.26 x 10- 7 cm2/sec
At = 122 seconds
MEMBRANES
Table A-7 lists the various membranes used in this study. The polysulfone, SAN,
and cellulose acetate membranes were supplied by the Fluid Systems Division of UOP.
The HFM membrane was purchased from Abcor, Incorporated. All membranes exhibited
compressibility to some extent and it was therefore necessary to precondition them
in some fashion to obtain maximum solute rejection. This was accomplished by
passing solvent through the membrane at high pressure (10.3 - 13.8 x 105N/m2 ) for
15 to 30 minutes. During this time period, appreciable flux decline was observed
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indicating compression. New membranes were used for each batch cell run because of
the fact that it was not always possible to restore initial solvent flux upon
cleaning of the membrane between runs. The majority of BSA and CMC experiments were
done using the cellulose acetate membranes. Other experiments used the HFM-180
membranes. Solute rejections were typically above 96%.
TABLE A-5
PVA SOLUTION (7.5 pH, co < 1 g/cc). T = 19°C
1/ti x 103 Di x 107






0.463 2.56 D = 2.41 x 10- 7 cm2 /sec
0.417 2.54 At = 128 seconds
0.379 2.53
TABLE A-6
PVA SOLUTION (7.5 pH, co < 1 g/cc). T = 28°C
1/ti x 103 Di x 107
































Figures A-5 through A-10 show photomicrographs of the various membranes used at
different degrees of magnification.
Figure A-5. Cellulose Acetate Membrane - Cross
Section - 5000X.
BATCH CELL SYSTEM
Because the batch cell system has been discussed in detail previously, an in
depth treatment will not be given here. The unstirred batch cell system is
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inherently very simple, containing only three parts. They are: a cylinder section,
and top and bottom screw caps. The stainless steel cell is manufactured by the
Gelman Company, and its assembled volume is approximately 230 mL. A support screen is
located in the bottom screw cap over which a membrane of area 15.62 cm2 is placed.
The membrane is secured by a Teflon washer over which the cylinder section is
screwed into place. The cell is pressurized through a port in the top screw cap, and
the assembled unit is mounted vertically in a conventional pipe holder. An addi-
tional reservoir (3000 mL) is used in cases where it is wished to extend the effec-
tive volume of the cell beyond the 230 mL limit.
Figure A-6. Cellulose acetate membrane + woven
substrate - cross section - 300X.
Experimental runs are made by first conditioning the membrane with pure solvent
at high pressure. The cell is then filled with solution and pressurized with nitrogento the desired level. Permeate flux (eluted volume) is measured as a function oftime. The solute concentration of the permeate was either measured at each time
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Figure A-7. SAN (No. X-117) membrane - top view -
10,OOOX.
Figure A-8. SAN (No. X-117) membrane + nonwoven
substrate - cross section - 200X.
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Figure A-9. SAN (No. X-117) membrane - cross
section - 500X.
Figure A-10. SAN (No. X-117) membrane - cross
section - 10,OOOX.
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interval, or the average concentration of the total permeate volume was measured at
the end of the run. In the majority of cases, there were not substantial differences
between the two methods. Average permeate concentrations are reported in Appendix
II.
In the experiments where the steady state flux through latex cakes (constant
thickness) was measured, the cell was charged with a known volume of latex suspen-
sion of known concentration. The cell was then attached to a reservoir of pure
solvent which was pressurized. The cell was allowed to reach steady state permeate
flux, which was then recorded. A photograph of the batch cell equipment is given in
Fig. A-11.
Figure A-11. Batch cell apparatus.
A technique was attempted to measure the solute concentration close to the
membrane surface after the mass boundary layer was significantly developed. A small
stainless steel capillary (1.5 mm) was welded into the cell and located approxi-
mately 2 mm from the membrane surface. At the end of the run, a sample of the solu-
tion was bled off through the capillary and the concentration was measured. The
technique was not successful due to the fact that at least 10-15 mL of solution
needed to be drained off in order to measure the concentration. The removal of such
large volumes disrupt the cell (boundary layer) and the concentrations which ar,e
measured are only slightly greater than the bulk solution concentration (Z 2 times).
This method may prove more successful if the need for large samples (10-15...mL)
could be reduced.
As mentioned in Manuscript Number 1, a correction volume of 2 mL was added to
the first experimentally measured permeate volume (AV1 ) in all cases to account for
permeate trapped in the bottom of the cell and not recoverable ...The value of 2 mL
was approximated experimentally. It should be noted, however, that the value of 2B
(intercept) is not dependent upon the value of the correction used.
PARALLEL-PLATE SYSTEM
A parallel-plate ultrafiltration conduit was constructed which incorporated
incremental permeate sampling ports along its length. The purpose of this design
was to enable the measurement of permeate flux as a function of axial distance
(developing boundary layer thickness). The flow channel was of the dimensions: h
(channel half height) = 0.32 cm, w (channel width) = 14.92 cm, and L (active-
membrane length) = 198.12 cm. The conduit had a 91.44 cm calming section prior to
the active membrane section in order to insure fully developed velocity profiles for
Re less than 2500 based upon the Grober, et al. (1961) relationship of
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4h
where L = required calming length for fully developed flow.
As mentioned, the conduit consisted of incremental permeate sampling ports along
the active membrane length. This was accomplished by dividing the unit into collec-
tion chambers of the following number and dimension: eight i-inch long chambers
(membrane area = 37.90 cm2 each), ten 2-inch long chambers (membrane area = 75.80
cm2 each), ten 3-inch long chambers (membrane area = 113.70 cm2 each), and five
4-inch long chambers (membrane area = 151.60 cm2 each), or in total, 33 sampling
ports. The sampling port scheme is given in Fig. A-12.
Mechanically, the conduit was constructed primarily of PVC plastic and Plexiglas.
The unit was supported upon a 1/2 inch steel bed plate and held together by 3/8 inch
stainless steel thru-bolts located at 3-inch increments around the periphery of the
conduit. Additional reinforcement was achieved by lateral tie rods (3/8-inch)
located every 10 inches along the length, and supplementary internal ribbing. The
channel cover was made of 1-inch thick Plexiglas plate which was further supported
from buckling by 1/2-inch steel bars (2 inches wide) over each thru-bolt. The
HFM-180 membrane was installed over a porous (Rm = 5.0 x 107 1/cm), incompressible
sheet of Kynar (3/16 inch thick) and held in place by an L-shaped brass 0-ring frame
which served also as the water seal. Figure A-13 shows cross section A-A of the
conduit which details the sealing arrangement. Figure A-14 shows cross section B-B
of the conduit, in which the sampling compartment arrangement is detailed. All
given dimensions are in inches.
Feed solution was recirculated through the ultrafiltration conduit by means of a





gpm at 100 psig. A portion of the total pump flow was directly returned to the feed
tank via a backpressure regulator and heat exchanger. This method was successful in
controlling system temperature and pressure in the ultrafiltration conduit. Axial
pressure drop through the conduit was measured by a manometer and found to be negli-
gible (< 1 psig) for all flow rates studied. The process flow diagram is given in
Fig. 11 of Manuscript Number 2. All high-pressure piping was 304 S.S., whereas low-
pressure piping was PVC. The pump, valves, heat exchanger, backpressure regulator,
and feed tanks were of stainless steel construction or trim. Permeate was
collected from each port through 1/2-inch I.D. Tygon tubes which led to a general
header arrangement. Permeate which drained from the header was either measured
gravimetrically for each port or collected into a tray from which it was pumped back
into the feed tank.
Membranes were preconditioned by recirculating the solvent through the unit at
the desired operating pressure (40 - 80 psig) until steady state flux behavior was
observed. Axial flow rates were measured by Fischer and Porter rotameters (high
flow) or Fischer and Porter turbine flowmeters (low flow). Materials used in the
construction of the unit are listed in Appendix IV (Bill of Materials).
The start-up procedure was to close the flow valve to the ultrafiltration unit,
start the recirculation pump, and circulate solution through the heat exchanger back
into the feed tank. When the desired solution temperature was reached, the flow
valve to the ultrafiltration unit was opened and the desired axial flow rate and
pressure was adjusted. The system was checked periodically for drift in the set-
point flow rate. Shutdown was simply to cut off the recirculation pump and shut
off the heat exchanger cooling water. The membrane was normally rinsed by switching
over the pump and return line to the water tank and restarting the recirculation
pump. Permeate from this step was sewered. A more complete cleaning of the
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membrane necessitated disassembling the conduit and sponging the membrane with soap
and water.
Although experiments with latex suspensions were successful, experiments with
various macromolecular solutions were not. This was due to the fact that it was not
possible to totally eliminate rust or scale from the system. It is believed that
some type of metal-ion complexing had occurred between the rust (or scale) and the
polymer in solution. This complex formation caused severe fouling of the membrane
to the point of completely blinding over in parts. It is suggested that if this
system is to be used again to study macromolecular ultrafiltration, all piping be
replaced by a higher grade of stainless steel (Type 316 or 317). Photographs of the
system are shown in Fig. A-15 and A-16.
Figure A-15. Parallel plate ultrafiltration system - top view.
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Figure A-16. Parallel plate ultrafiltration system - overall view.
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This section contains two computer programs which were used to numerically
integrate the convective diffusion equation for both the unstirred batch cell and
parallel-plate systems [Eq. (11) of Manuscript Number 1, and Eq. (15) of Manuscript
Number 3]. Also listed is a trial and error program used to analyze the unstirred
batch cell data cited in Manuscript Number 4.
All values of concentration, diffusion coefficient, and VLIM are entered, or




C ...... THIS PROGRAM IS CALLED VARDB(DRT)IN THE IPC COMPUTER LIBRARY AND
C ...... IS USED TO NUMERICALLY INTEGRATE THE EXACT SOLUTION (EQUATION(11)
C ...... MANUSCRIPT NUMBER 1) TO THE CONVECTIVE DIFFUSION EQUATION FOR THE
C ...... UNSTIRRED BATCH CELL SYSTEM. THE VALUE OF CGEL(OR CWALL) IS SPECI-
C ...... FIED AND THE CORRESPONDING VALUE OF DIMENSIONLESS VW (PERMEATE
C ..... FLUX CONSTANT ) IS CALCULATED FOR VARIOUS VALUES OF CB (BULK
C ...... SOLUTION CONCENTRATION ). INTEGRATION IS ACHIEVED USING SIMPSON'S
C ...... RULE. THE DEPENDENCE OF THE DIFFUSION COEFFICIENT UPON SOLUTE
C......CONCENTRATION MUST BE KNOWN AND SPECIFIED IN TERMS OF THE PARA-
C ...... METERS DGEL,DBUL,AND DE(I) IN THE PROGRAM.
DIMENSION DE(1001), ETA(1001), AO(1001),F(1001),
1 G(1001), SUB(1001),AT(1001),CB(50),VN(3),FN(3)




C ...... CP EQUALS THE PERMEATE CONCENTRATION
CP= C.CO
C ...... NA EQUALS THE RANGE OF CB COVERED. MAXIMUM VALUE CAN BE INTEGER




C ...... WRITE THE DIFFUSION COEFFICIENT-CONCENTRATION RELATIONSHIP
C ...... FOR THE SPECIFIC SOLUTE IN QUESTION AT CGELL CONCENTRATION
DGEL=I(7.1E-07)/I(.159*CGEL))*(EXP(.159*CGEL)-EXP(-.159*CGEL))/.
1 (EXP(.159*CGEL)+EXP(-.159*CGEL))
C ...... MA = ETA(MAX)/AINC + 1
ETA(1)= 0.0
C ...... CALCULATE VALUES OF DELTA
DO 1 I=2,MA
I ETA(I)=ETA(I-1) + AINC
DO 21 J=2,NA,1
KONT=l
CB(J)= CB(J-1) + 1.0
C ...... WRITE THE DIFFUSION COEFFICIENT-CONCENTRATION RELATIONSHIP FOR







C ...... CALCULATION OF F(2)
2 C(1)= (ETAI()*2.O + VW)/D















4 F(2) - C/CB(J)
C ...... CALCULATION OF F(3)
5 G(3) = (ETA(3)*2.0 + VW)/D




C ...... SUBSTITUTE THE PROPER DIFFUSION COEFFICIENT-CONCENTRATION




VAR = ABS(DE(3)-D) - (l.OE-04)
IF(VAR) 7,7,6
6 C = CE(3)
GO TO 5
7 F(3)= C/CB(J)
C ...... CALCULATION OF F(ETA)
CO 11 I=4,MA





C ...... SUBSTITUTE THE PROPER DIFFUSION COEFFICIENT-CONCENTRATION








10 F(I) = C/CB(J)
11 CONTINUE





































9022 FORMAT(' SYSTEM NOT CONVERGED ')
9023 FORMAT('FN(1) EQUALS',F8.4,4X,'FN(2) EQUALS',F8.4,4X,
I 'VN(3) EQUALS',F8.4)
9024 FORMAT('VW EQUALS',F9.3,IOX,'CB EOUALS',F5.1)








C......THIS PROGRAM IS CALLED VARO(DRT) IN THE IPC COMPUTER LIBRARY AND
C......IS USED TO NUMERICALLY INTEGRATE THE EXACT SOLUTION (EQUATION(15)
C...... ANIJSCRIPT NUMBER 3) TO THL CONVECTIVE DIFFUSION EQUATION FOR THE
C ..... PARALLEL PLATE (THIN-CHtANNEL) SYSYEM. THE VALUE OF CGEL(OR CWALL)
C......IS SPECIFIED AND THE CORRESPONDING VALUE OF DIMENSIONLESS VW
C......(PERMFATE FLUX CONSTANT) IS CALCULATED FOR VARIOUS VALUES OF
C ...... CBBULK SOLUTION CONCENTRATION). INTEGRATION IS ACHIEVED USING
C......SIMPSON'S RULE. THE DEPENDENCE OF THE DIFFUSION COEFFICIENT
C......UPON SOLUTE COC'CENTRATION MUST BE KNOWN AND SPECIFIED IN TERMS
C......CF THE PARAMETERS OGEL, DBUL, AND DE(I) IN THE PROGRAM
DItENSION DEC1001), ET(10OO), AO(1001),F(1001),
1 G(1O01), SUBR(1001),AT(1001),CB(50),VN(3),FN(3)




C......CP EQUALS THE SOLUTE CONCENTRATION OF THE PERMEATE
CP = 0.00





C......WRITE THE DIFFUSION COEFFICIENT-CONCENTRATION RELATIONSHIP
C......FOR THE SPECIFIC SOLUTE IN QUESTION AT CGELL CONCENTRATION
OGEL=((7.1E-07)/(.159*CGEL))*(EXP(.159*CGEL)-EXP(-.159*CGEL))/
I (EXP(.159*CGEL)+EXP(-.159*CGEL))
C......MA = ETA(MAX)/AINC + 1
ETA(l1= 0.0
C ...... CALCULATE VALUJFS OF DELTA
C0 1 1=2,MA
I ETA(I)=ETA(I-1) + AINC
DO 26 J=2,NA,l
KGNT=1
CB(J)= CB(J-1) + 1.0
C......WRITE THE DIFFUSION COEFFICIENr-CONCENTRATION RELATIONSHIP FOR








2 G(1)= (ETA(1)**2 + VW)/D










VAR= ABS(DE(2)-D) - (1.OE-04)
-215-
IF(VAR) 4,4,3
3 C = DE(2)
GO TO 2
4 F(2) = C/CB(J)
C ...... CALCULATION OF F(3)
5 G(3) = (ETA(3)**2 + VW)/D




C ...... SUBSTITUTE THE PROPER DIFFUSION COEFFICIENT-CONCENTRATION




VAR = ABS(DE(3)-D) - (l.OE-04)
IF(VAR) 7,7,6










C ...... SUBSTITUTE THE PROPER DIFFUSION COEFFICIENT-CONCENTRATION








10 F(I) = C/CB(J)
11 CONTINUE





































9013 FORMAT(' SYSTEM NOT CONVERGED e)
9021 FCRMAT('FN( ) EQUALS',F8.4,4X,'FN(2) EQUALS',F8.4,4X,
I 'VN(3) EQUALS',F8.4)
9023 FORMAT('VW EOUALS'tF6.3,10X,'CB EQUALS',F5.1)




/END CARD READ, JOB TERMINATED
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/JOB GO,TIME=20
C ...... THIS PROGRAM IS CALLED BATFT(DRT) AND IS USED TO FIT BATCH
C. .... CELL ULTRAFILTRATION DATA USING AN INTEGRAL METHOD MODEL.
C......THE VALUES OF CO(BULK SOLUTION CONCENTRATION),VLIM,AND CP ARE
C ...... ENTERED ALONG WITH A STARTING VALUE OF THE DIFFUSION COEFFICIFNT.
C ...... THE MOCEL CONVERGES UPON THE APPROPRIATE VALUE OF CWALL(OR CGEL)
C ...... BY UTILIZING A REGULA FALSI METHOD. CP EQUALS THE SOLUTE CONCEN-
C ...... TRATION OF THE PERMEATE. VLIM EQUALS THE LIMITING VALUE OF THE
C ...... PERMEATE VOLUME DIVIDED BY THE VALUE OF TIME TO THE ONE-
C ...... HALF PCWER. THE VALUE OF DIFF(DIFFUSION COEFFICIENT) IS FOUND
C ...... BY SETTING LIMITS UPON THE ALLOWABLE STANDARD DEVIATION BETWEEN
C ..... THE CALCULATED VALUES OF CWALL FOR EACH DATA POINT. IT IS NEC-
C ...... ESSARY IN ORDER TO INSURE THE VALIDITY OF THE RESULT TO CONVERGE
C ...... FROM BCOTH A HIGHER AND LOWER ARBITRARY VALUE OF THE DIFFUSION
C ...... COEFFICIENT. IF THE VALUE IS UNIQUE, THE SAME VALUE WILL RESULT
C ...... TO WITHIN REASONABLE LIMITS. THE DETERMINATION OF THE VALUE OF




C ...... N EQUALS THE NUMBER OF DATA POINTS ENTERED






C ...... A EQUALS THE TRANSPORT AREA OF THE MEMBRANE(SQ.CM)
A= 15.62





FW(2)= FW(1) + 1.0
FP(I)= CP(I)/CO(I)
X(1)=(( FW(1)-FP(I)) + ((( FW(1)-FP(I))**2) + 8.0*(1.0-FP(I))*
1 (FW(1)-FP(I)))**.5)/(2.0*(1.O-FPII)))
Y(1)= (2.0*X(1))/(X(1) + 1.0)
VW(1)= ((FW(1) - 1.0)/(FW(11) - FP(I)))*(( Y(1)*((FW(l)-FP(I))/
I (1.0 - FP(I))))**.5) - VLIM(II)*CON
3 X(2)=(( FW(2)-FP(I)) + (( FW(2)-FP(I))**2) + 8.0*(1.0-FP(I))*
1 (FW(2)-FP( I)))**.5)/(2.0*(I.O-FP(I)))
Y(2) = (2.0*X(2))/(X(2) + 1.0)
VW(2)= ((FW(2)-1.0)/(FW(2)-FP(I)))* (( Y(2)*((FW(2)-FP(I))/
1 (1.0 - FP(Il))))**.5) - VLIM(I)*CON
VAR= ABS(VW(2))












































C...... LIST DATA IN INCREASING VALUE OF CO(CO,VLIM.CP)
9001 FORMAT(3(F8.4,10X))
9017 FORMAT(15X,'SYSTEM NOT CONVERGING')
9021 FORMAT(15X,'SYSTEM NOT CONVERGING')
9024 FORMAT('CWALL EQUALS',3X,F9.4,///)
9025 FORMAT('DIFFUSION COEFFICIENT EQUALS',3X,E10.3)
9026 FORMAT(5X,'AVE CW ',F6.2,' STAN DEV ',F6.2)
END




The following pages contain tabulations of the experimental data from which the
results given in Manuscripts 1 through 4 have been obtained. In unstirred batch
cell experiments, individual values of A Vexp/T 1/ 2 are given for each measurement
time, T. The extrapolated values of -(A V/Tl/2)lim as T -> are also calculated.
Unstirred batch cell data are listed in Tables A-8-through A-14 of this section for
the various solutes studied in order of increasing bulk solution concentration (Co).
Tables A-15 through A-26 list parallel plate data for the various solutes
studied. Values of permeate volumetric flux at specific port locations along the
conduit length are given at various measurement times (T). Data are listed in order











































































































































































































































































































































































































PARALLEL PLATE EXPERIMENTS - LATEXt (8.5 pH SOLUTION)
A P = 2.76 x 105 N/m2 Rm = 4.94 x 1010 1/cm
p Solvent = 9.11 x 10-4 sec T = 23.9°C
mA




(g/100 cc) (g/100 cc)
T x 10- 3
(seconds)






























































































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 2.76 x 105 N/m2 Rm = 4.93 x 1010 1/cm
p Solvent = 9.14 x 10- 4 N-sec T = 23.9°C
m2




(g/100 cc) (g/100 cc)
T x 10- 3
(seconds)
















































































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 3.59 x 105 N/m2 Rm = 2.38 x 1011 l /cm
p Solvent = 9.88 x 10 - 4 N-sec T = 20.6°C
m2







T x 10- 3
(seconds)

















































































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 3.59 x 105 N/m2 Rm
= 2.38 x 1011 1/cm
P Solvent = 9.88 x 10-4 N-ec T = 20.6°C
m2
























































































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 3.59 x 105.N/m2 Rm
= 2.38 x 1011 l/cm
p Solvent = 9.88 x 10-4 N-sec T = 20.6°C
m2




(g/100 cc) (g/100 cc)
T x 10- 3
(seconds)



























































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 3.59 x 105 N/m2 Rm = 2.38 x 1011 1/cm
p Solvent = 9.88 x 10- 4 N-sec T = 20.6C
mA





























































PARALLEL PLATE EXPERIMENTS - LATEX (8..5 pH SOLUTION)
A P = 3.45 x 105 N/m2 Rm = 2.38 x 1011 I/cm
p Solvent = 9.95 x 10-4 N-sec T.=20.3C
m2




(g/,100 cc) (g/10i cc)
T x 10- 3
(seconds)
Port | vw x 103
Number (cm/sec) COMMENTS::
























































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION) '
A P = 3.45 x 105 N/m2 Rm = 2.38 x 1011 1/cm
p Solvent = 9.95 x 10- 4 N-sec T = 20.3°C
mA





























































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 3.45 x 105 .N/m2 Rm = 2.38 x 1011 1/cm
V Solvent = 9.88 x 10-4 N-sec T =20.6°C
m2







T x 10- 3
(seconds)















































































PARALLEL PLATE EXPERIMENTS - LATEX (8.5 pH SOLUTION)
A P = 3.45 x 105 N/m 2 Rm = 2.38 x 1011 /cm
p Solvent = 9.88 x 10-4 N-sec T =.20.6°C
m2



























































PARALLEL PLATE EXPERIMENTS - LATEX (7.5 pH SOLUTION)
A P = 3.52 x 105 N/m2
p Solvent = 10.10 x 10-4











T x 10- 3
(seconds)











































































PARALLEL PLATE EXPERIMENTS - PVA (7.5 pH SOLUTION)
A P = 3.45 x 105 N/m2
V Solvent = 9.81 x 10- 4








(g/100 cc) (g/10 cc)
T x 10- 3
(seconds)


















































































PARALLEL PLATE EXPERIMENTS - PVA (7.5 pH SOLUTION)
A P = 3.45 x 105 N/m 2
p Solvent = 9.81 x 10-4
Rm = 2.45 x 1011 1/cm
N-sec
. T = 21.I°C
m2




(g/100 cc) (g/o10 cc)
0.073





















































PARALLEL PLATE EXPERIMENTS - CARBOWAX 20M (7.5 pH SOLUTION)
A P = 3.45 x 105 N/m2 Rm = 8.11 x 1010 1/cm
p Solvent = 10.02 x 10- 4 N-sec T = 20C
mA




(g/100 cc) (g/10o cc)
T x 10- 3
(seconds)













































PARALLEL PLATE EXPERIMENTS - CARBOWAX 20M (7.5 pH SQLUTION)
A P =.3.45 x 105 N/m2 Rm = 8.11 x 1010 l/cm
p Solvent = 10.02 x 10- 4 sec T = 20°C
mA





c(g p .cT x 10- 3
(g/10 cc) (seconds)












































PARALLEL PLATE EXPERIMENTS - CARBOWAX 20M (7.5' pH SOLUTION)
A P = 3.59 x 105 N/m2 Rm = 8.11 x .1010 1/cm
p Solvent = 10.02 x 10- 4 N-sec T = 20°C
m2




(g/100 cc) (g/o10 cc)
T x 10- 3
(seconds)













































PARALLEL PLATE EXPERIMENTS - CARBOWAX 20M (7.5 pH SOLUTION)
A P = 3.45 x 105 N/m 2 Rm = 8.11 x 1010 1/cm
p Solvent = 10.02 x 10- 4 N-sec T = 20°C
m2




(g/100 cc) (g/100 cc)
T x 10- 3
(seconds)











































PARALLEL PLATE EXPERIMENTS - CARBOWAX 20M (7.5 pH SOLUTION)
A P = 3.45 x 105 N/m2 Rm = 8.11 x 1010 1/cm
V Solvent = 10.02 x 10- 4 N-sec T = 20°C
mA





/10 c c)(g/100 cc)
T x 10- 3
(seconds)


















































































PARALLEL PLATE EXPERIMENTS - CARBOWAX 20M (7.5 pH SOLUTION)
A P = 3.45 x 105 N/m2 Rm = 8.11 x 1010 1/cm
V Solvent = 10.02.x 10 -4 Nsec .T = 20°C
m2





cp T x 10-3
(g/100 cc) (seconds)












































This section consists of a list of materials, or services, which were
during the course of the research work. The Institute of Paper Chemistry
order numbers are listed along with supplier names in order to facilitate








































Sigma Chemical Company, St.
Louis, Missouri





















Tubing, Pipe, & Fittings
Stainless Steel


















Badger Valve & Tube Corp.
Wauwatosa, Wisconsin
W. S. Patterson Co.
Appleton, Wisconsin
Kundinger Fluid Power, Inc.
Appleton, Wisconsin
C. B. Supply Co.
Menasha, Wisconsin
Appleton Packing & Gasket
Company
Appleton, Wisconsin
Accurate Gasket & Supply
Appleton, Wisconsin
Van Ryzin Machine Co.
Appleton, Wisconsin
Fox River Tool Co.
Menasha, Wisconsin
Supplier
B-02403
B-02599
B-02631
B-03165
B-03364
B-03739
B-04762
B-05493
B-06521
B-02694
B-02845
B-02846
B-03633
B-03087
B-03166
B-03170
B-05173
B-02900
B-09183
B-02954
B-03066
B-03586
B-03330
B-04470
B-03777
A-10820
